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1 D-functions

For the rotation matrix, we use the definition as given in Rose [1], namely,

D
j
m′m(α, β, γ) = 〈jm′|e−iαJze−iβJye−iγJz |jm〉

= eim
′α d

j
m′m(β) e

−imγ (1)

By definition, the matrices Dj
m′m are unitary and satisfy the group property:

∑

k

D
j
m′k(R)Dj∗

mk(R) =
∑

k

D
j
km′(R)Dj∗

km(R) = δmm′ (2)

D
j
m′m(R2R1) =

∑

k

D
j
m′k(R2)D

j
km(R1) . (3)

The D-functions are normalized according to
∫

dRDj1∗
µ1m1

(R)Dj2
µ2m2

(R) =
8π2

2j1 + 1
δj1j2δµ1µ2

δm1m2
, (4)

where R = R(α, β, γ) and dR = dαd cosβdγ.

The functions djm′m have the following symmetry properties:

d
j
m′m(β) = (−)m

′
−md

j
mm′(β) (5)

d
j
m′m(β) = (−)m

′
−md

j
−m′

−m(β) (6)

d
j
m′m(π − β) = (−)j+m′

d
j
m′

−m(β) (7)

d
j
m′m(π) = (−)j−mδm′,−m (8)

Owing to Eq. (6), the D-functions have the symmetry

D
j∗
m′m(α, β, γ) = (−)m

′
−mD

j
−m′

−m(αβγ) . (9)

One may use the identity

R(π + α, π − β, π − γ) = R(α, β, γ)R(0, π, 0) (10)
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to show that

D
j
m′m(π + α, π − β, π − γ) = (−)j−mD

j
m′

−m(α, β, γ) (11)

and

D
j
m′m(π + φ, π − θ, 0) = eiπjDj

m′
−m(φ, θ, 0) (12)

or taking φ → −φ and using Eq. (9)

D
j
m′m(π − φ, π − θ, 0) = eiπj(−)m

′+mD
j
−m′m(φ, θ, 0) (13)

the spherical harmonics Y ℓ
m(θ, φ) are related to the D-function via

Dℓ∗
m0(φ, θ, 0) =

√

4π

2ℓ+ 1
Y ℓ
m(θ, φ) . (14)

The D-functions satisfy the following coupling rule:

Dj1
µ1m1

Dj2
µ2m2

=
∑

j3µ3m3

(j1µ1 j2µ2|j3µ3)(j1m1 j2m2|j3m3)D
j3
µ3m3

. (15)

Or, equivalently,

Dj1
µ1m1

Dj3∗
µ3m3

=
∑

j2µ2m2

(

2j2 + 1

2j3 + 1

)

(j1µ1j2µ2|j3µ3)(j1m1j2m2|j3m3)D
j2∗
µ2m2

. (16)

Modify the formula above

Dj1
µ1m1

Dj3∗
µ3m3

=
∑

j2µ2m2

(

2j2 + 1

2j3 + 1

)

(j1µ1j2 −µ2|j3µ3)(j1m1j2 −m2|j3m3)D
j2∗
−µ2−m2

=
∑

j2µ2m2

(

2j2 + 1

2j3 + 1

)

(j1µ1j2 −µ2|j3µ3)(j1m1j2 −m2|j3m3)D
j2∗
−µ2−m2

=
∑

j2µ2m2

(

2j2 + 1

2j3 + 1

)(

2j3 + 1

2j1 + 1

)1/2(
2j3 + 1

2j1 + 1

)1/2

(−)j1−m2−j3(j3µ3j2µ2|j1µ1)(−)j1−µ2−j3(j3m3j2m2|j1m1)(−)µ2−m2Dj2
µ2m2

(17)
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So we have another important relationship, as an alternative to (16)

Dj1
µ1m1

Dj3∗
µ3m3

=
∑

j2µ2m2

(

2j2 + 1

2j1 + 1

)

(j2µ3j2µ2|j1µ1)(j3m3j2m2|j1m1)D
j2
µ2m2 (18)

Recapitulate

Dj1
µ1m1

Dj3∗
µ3m3

=
∑

j2µ2m2

(

2j2 + 1

2j3 + 1

)

(j1µ1j2µ2|j3µ3)(j1m1j2m2|j3m3)D
j2∗
µ2m2

Dj1
µ1m1

Dj3∗
µ3m3

=
∑

j2µ2m2

(

2j2 + 1

2j1 + 1

)

(j2µ3j2µ2|j1µ1)(j3m3j2m2|j1m1)D
j2
µ2m2

(19)

It must be emphasized that the two formuals above are in fact identical. One obtains

the second by taking the complex conjugate of the first and replacing the subscript 1 by

3. Using the normalization integral of (4), one obtains in addition the integrals involving

three D-functions, as follows:

∫

dRDj1
µ1m1

(R)Dj2
µ2m2

(R)Dj3∗
µ3m3

(R) =
8π2

2j3 + 1
(j1µ1j2µ2|j3µ3)(j1m1j2m2|j3m3) . (20)

and

∫

dRDj1
µ1m1

(R)Dj2∗
µ2m2

(R)Dj3∗
µ3m3

(R) =
8π2

2j1 + 1
(j3µ3j2µ2|j1µ1)(j3m3j2m2|j1m1) . (21)

Note that Eq. (21) is a complex conjugate of (20) but with indices 1 and 3 interchanged.
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2 Clebsch-Gordan Coefficients

The following relationships involving Clebsch-Gordan coefficients are useful.

(j1 m1 j2m2|j3m3) = (−)j1+j2−j3 (j1 −m1 j2 −m2|j3 −m3)

= (−)j1+j2−j3 (j2m2 j1 m1|j3m3)

= (−)j1−m1

√

2j3 + 1

2j2 + 1
(j1m1 j3 −m3|j2 m2)

= (−)m1−j2+j3

√

2j3 + 1

2j2 + 1
(j1 −m1 j3 m3|j2m2)

= (−)m1−j2+j3

√

2j3 + 1

2j2 + 1
(j3 −m3 j1 m1|j2 −m2)

= (−)j1−m1

√

2j3 + 1

2j2 + 1
(j3m3 j1 −m1|j2 m2)

= (−)j2+m2

√

2j3 + 1

2j1 + 1
(j3 −m3 j2 m2|j1 −m1)

= (−)j2+m2

√

2j3 + 1

2j1 + 1
(j2 −m2 j3 m3|j1 m1)

= (−)j1+m2−j3

√

2j3 + 1

2j1 + 1
(j3m3 j2 −m2|j1m1)

= (−)j1+m2−j3

√

2j3 + 1

2j1 + 1
(j2m2 j3 −m3|j1 −m1)

(22)
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The following sum rules are also useful

∑

mm′

(ℓ′m′LM |ℓm) (ℓ′m′L′M ′|ℓm)

=

(

2ℓ+ 1

2L+ 1

)

∑

mm′

(−)ℓ
′
−m′

(ℓm ℓ′ −m′|LM)(−)ℓ
′
−m′

(ℓm ℓ′m′|L′M ′)

=

(

2ℓ+ 1

2L+ 1

)

δLL′ δMM ′

∑

LM

(2L+ 1)(ℓ′m′LM |ℓm) (ℓ′n′LM |ℓn)

=
∑

LM

(2L+ 1)

(

2ℓ+ 1

2L+ 1

)

(−)ℓ
′
−m′

(ℓm ℓ′ −m′|LM) (−)ℓ
′
−m′

(ℓn ℓ′ −n′|LM)

= (2ℓ+ 1) δm′ n′ δmn

(23)

so that
∑

mm′

(ℓ′m′LM |ℓm) (ℓ′m′L′M ′|ℓm) =

(

2ℓ+ 1

2L+ 1

)

δLL′ δMM ′

∑

LM

(2L+ 1) (ℓ′m′LM |ℓm) (ℓ′n′LM |ℓn) = (2ℓ+ 1) δm′ n′ δmn

(24)

The following relations involving Clebsch-Gordan coefficients can be derived by using

the recursion relations for Clebsch-Gordan coefficients [Edmonds [2], p. 39]. In terms of

the shorthand notations

L̃ = L(L+ 1) and J̃ = J(J + 1)
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one may write

(J − 1

2
L1|J 1

2
)

(J 1

2
L0|J 1

2
)

= −
2J + 1
√

L̃
(odd L ≥ 1) (25)

(J 3

2
L0|J 3

2
)

(J 1

2
L0|J 1

2
)

= 1−
4L̃

4J̃ − 3
= (even L) (26)

(J − 3

2
L2|J 1

2
)

(J − 3

2
L1|J − 1

2
)

=
J + 1

2
√

L̃− 2
(even L ≥ 2) (27)

(J1L0|J1)

(J0L0|J0)
= 1−

L̃

2J̃
= (even L) (28)

(J − 1L2|J1)

(J0L0|J0)
= −

[

L̃

L̃− 2

]
1

2

(even L ≥ 2) (29)

(J2L0|J2)

(J0L0|J0)
= 1−

(

L̃

2J̃

)(

4J̃ − L̃− 2

J̃ − 2

)

(even L) (30)

(J − 2L4|J2)

(J0L0|J0)
=

[

L̃(L̃− 6)

(L̃− 2)(L̃− 12)

]
1

2

(even L ≥ 4) (31)

(J1L1|J2)

(J0L0|J0)
= −

[

L̃− 2

L̃− 6

]
1

2

(

3−
L̃

J̃

)

(even L ≥ 4) . (32)
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