BNL PREPRINT

BNL-QGS-99-031
dclebs0.tex

Relationships involving D-functions and
Clebsch-Gordan Coefficients
—Version 11—

S. U. Chung

Physics Department, Brookhaven National Laboratory, Upton, NY 11973 *

July 21, 2014

abstract

* under contract number DE-AC02-98CH10886 with the U.S. Department of Energy



1 D-functions

For the rotation matrix, we use the definition as given in Rose [1], namely,

Di@’m(a7577> = <jm/|e_iaJZe_i5Jye—i’sz|jm>

= (B e )
By definition, the matrices Df;m,m are unitary and satisfy the group property:

> Dl (R)DI (R Z DI (R)DI* (R) = 6y (2)
k

Dl (RaRy) = DI, (Ry)Dj, (Ry) . (3)
k

The D-functions are normalized according to
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/dRDﬁ* (RYD?”  (R) = =—————0,i,0,1, 1150 (4)

nimi H2ma 2j1 +1 J1j2¥ p1p2¥mimsa o

where R = R(«, 8,7) and dR = dad cos Bd7y.

The functions din,m have the following symmetry properties:

By (B) = ()", (B) (5)
Br(B) = ()T () (6)
&y (= B) = (=Y d,_,.(5) (7)
BonlT) = (V"G ®)

Owing to Eq. (6), the D-functions have the symmetry
Dyl B7) = ()" "D, (aB) - (9)

One may use the identity

R(r +a,m— p,m—~) = R(e, 8,v)R(0,,0) (10)
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to show that
Dzn’m(ﬂ- + a, T — B? ™= /7) = (_)j_ngn’—m(av B7 7)

and

Div/m(ﬂ- + ¢> ™= 9) O) = eiﬂjDZn’—m(QS> 97 0)

or taking ¢ — —¢ and using Eq. (9)

D3, (7= 6,7 6,0) = ™ (=)™ 4" DI L (6,6,0)

—m/m

the spherical harmonics Y (6, ¢) are related to the D-function via
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0%
Dro(#,0,0) = 20+ 1

Y(0,0) .

The D-functions satisfy the following coupling rule:

D D2 =" (i joptaljaps) (jima jamaljsms) DI, .

Jauzms

Or, equivalently,

| 2y +1\ .
Dl Dt = Z <2j3 n 1) (jrprgatioljspis) (jrmajames|jsms) DIy,
Jap2ma

Modify the formula above

Dt pisk (2]2+

(Jrp1fa — palgaps) (J1majo m2|j3m3)D]—2u2—an2

pm1my T p3ms

2j2 + |
= <2] n 1) (J1p1d2 — pa|Japs) (Frma g m2|]3m3)D]_2u2_m2
2j3 + 1)

2j5 + 1 2js +1\'?
2j1+1 2]1"‘1

(=) 7P (s szl jrpn) (=) 7127 (Gama jame| juma) (<) D

. <2]2+1

Jam2msa
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So we have another important relationship, as an alternative to (16)

o 2y +1\,. |
D) DI = Z (2.1 )(J2M3J2M2U1/~L1)(93m3j2m2\J1m1)Df[§m2 (18)

Japams

Recapitulate

- y 270+ 1 ) ) ) . ) ) :
* *
Dy Dl = Z (2]'3 n 1) (Jrpgatia|gaps) (Jimagameljsms) DI,

J2p2m2 (19)

- y 270+ 1 ) ) ) . ) ) :
*
Dy Dl = j ; % + 1) (Jatsgatiz|jrpen) (Jamajama|jimy) D)2,
2042M2

It must be emphasized that the two formuals above are in fact identical. One obtains
the second by taking the complex conjugate of the first and replacing the subscript 1 by
3. Using the normalization integral of (4), one obtains in addition the integrals involving
three D-functions, as follows:

872
273+ 1

/dR D2 (R)D2.. (R)DE (R) = (J1p1Japie| japs) (imajoama|jsms) . (20)

and

872

= = (Jspsgapia|jrpn) (smsjoma|jima) . (21)
271 +1

pima H21m2 H3ms3

/ dR D’ (R)D%2* (R)D’* (R)

Note that Eq. (21) is a complex conjugate of (20) but with indices 1 and 3 interchanged.



2 Clebsch-Gordan Coefficients

The following relationships involving Clebsch-Gordan coefficients are useful.

(71 M1 j2maljzsms)

= (—)jlﬂ'z_]3 (J1 —mq Jo —maljs —msy)

+
Jitge=is (J2 mao Ji ml\]?) ms

h " Ziz :t 1 (Jrmy js — ms|jama)
(=)t Zi :[ 1 (J1 —ma Jzma|jama)
(=)ot gjz :[1 (js —ms j1malja —ma)

= (=)™ Zz :[ i (Jams j1 — maljama)
= (=) Zj :[ 1 (J3 —mga jamal|ji —m)
e [P G = ma Gamal i)
(—)7rtmarss Zj :[ i (Jams J2 — maljimi)
s + 1

— (_)j1+m2—j3

2]1_'_1 (j2m2 .j3 _m3‘j1 _ml)
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The following sum rules are also useful

> ('m'LM|em) (¢'m! L' M’ |m)

mm/

( 20+1 ) D ()T (m = |LM) (=) (tm 'm | L' M)

2L+1) “~
20+ 1
= Orr O
<2L—|—1) LLTEMM (23)
(2L + 1)(¢'m' LM |¢m) (¢'n' LM |ln)
LM
_ 20+1 o —m/ / / o —m’ / /
_§(2L+1) (2L+1)( YT (bl —m!|LM) (=)™ (en €' —n/|LM)
= (2041) 0 O
so that 00 1 1
/ 1T/ _I_
Z (C'm LM|em) (¢'m L' M'|0m) = (2 I 1) Sr1r Ontar
> (2L + 1) (¢'m/ LM|tm) (€'n' LM |tn) = (20 + 1) 6yt O
LM

The following relations involving Clebsch-Gordan coefficients can be derived by using
the recursion relations for Clebsch-Gordan coefficients [Edmonds [2], p. 39]. In terms of

the shorthand notations

L=LL+1) and J=J(J+1)



one may write

% = —2{/%1 (odd L >1) (25)

(} —%3L|2\J )%) _ J£+_§2 (even L > 2) 27)
R

oo ) sy o

% = 1= (%) (%) (even L) (30)

% - [(L—Eg(g?m)r (even L 2 4) (31)
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