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1 Introduction

Consider a reaction in which a system 3 is produced centrally, i.e.

a+b—1+3+2 (1)

For COMPASS, a and 1 are pions, while b and 2 are protons. At the LHC, the initial particles
a and b, as well as the final particles 1 and 2, are all protons. The derivation given in this
note is general; it applies both to COMPASS and to ALICE at the LHC. Clearly, it applies
equally well to other experiments at the LHC, but for a study of the light-quark hadrons
with mass less than 3.0 GeV, ALICE is a suitable detector for the spectroscopy, provided

the Roman pots were available in the future.

The reader may consult references|1], [2] and [3], for the background material for treating

central productions, or more generally the formalism concerning 2- to 3-body reactions.

The produced central system is designated by 3 and its mass by mgs, as shown in Fig. 1:

Referring to Fig. 1, we obtain, in the standard 4-momentum notation,

Figure 1: Production of a system 3 from the reaction a +b — 1+ 3 + 2.
Here ¢ and d stand for the exchanged Reggeons (or Pomerons).



Py = Pa+ Do =D1+P3+ Do (2a)

Pe = Pa — D1 (2b)
Pd = Db — P2 (20)
P3 = Pe+ Da (2d)

and
s = (pa+ 1) = (p1+ P2+ p3)°

s13 = (p1 +p3)2 and  s93 = (p2 +p3)2

te=p2 = (pa—p1)* and tq=p>= (pp — p2)?

[ w* =mj = (pc + pa)°

Here ¢ and d are space-like, i.e. t. = p? <0 and t; = p2 < 0. We assume that the 'masses’
V'S, Mg, My, m1, mg = w and my are all fixed and different in general for the problem under

consideration.

Let k1, k3 and Ky be the two-dimensional vectors in a plane perpendicular to p, (defined
to be the positive z direction) and/or p, in the overall CM system. And let ¢ be the one-
dimensional momentum along p, in the overall CM system, and so —q is then directed along

the negative p, or, equivalently, along p,, again in the overall CM system. So, by definition,

ki = ki, pi=I|pil =\/kI+¢ and g = /p?+m? (4)

where i = (a,b,1,3,2) for the particles in a 2- to 3-body process, see Fig. 1. Note that

we have

p; now stands for both the 4-momentum and the magnitude of the 3-momentum, while ¢;

stands for the energy of the particle ¢ in the overall CM system. We define
pi = (€i; ki qi), ki < ¢ where i=(a,b,1,2) (5)

where the x and y axes span the the plane perpendicular to p, and/or p, and the z axis lies

along p,. We can further define® the ‘transverse mass’ w;, setting p to be the magnitude of

2 For COMPASS on pp interactions at 190 GeV/c, we have /s ~ 18.9 GeV and p ~ 9.40 GeV. The
difference ¢, — p = €, — p is less than 0.05 GeV. At COMPASS, we have, very roughly, ¢; ~ 8.0, g2 ~ 9.0
and g3 ~ 1.0 GeV, respectively, such that g2 ~ g1 + g3.



the momentum p, or p, in the overall CM system, as follows:

Wy = My, Wy =my, w;=+/m?+r? i=12,3

2
m
5a:\/p2—|—m§2p+2—;, ma<<p

_ 2 2 mg
S= P My p o my < p (6)

P
5,~:\//{?+qi2+m?:\/wi2+qi2, i=1,2,3
2

Ww?
(wi<qi)%2qi+#, i=1, 2 only

2

In particular, we do not assume that ws < g3. We rewrite all of the momenta once again
here,
Pa = (¢a;0,p) and  p, = (e3;0, —p)
p = (e1;61,q1)
(7)
P2 = (€25 Ko, —(2)
p3 = (€3, K3, q3)
where we have set p, and p, to be parallel in the limit x; = 0, while p, and p, are also

parallel, again in the limit k9 = 0; note that the z components of the latter are both negative,

and

Ki+Ky+r3=0 and ¢ =q + g3 (8)
Specifically, we require that, for some fixed value qq,

G >0, ¢¢>0 and ¢ >0

O<q, <<g¢ and ¢ ~q¢ 9)

—qo < q3<qo andso |g3] < q or g

Here qq is clearly arbitrary.®

We see that

\/§:€1+53+€2
(10)
> ezt =20 +es+q3 220 +e3+q3 2 2q1 ~ 20

b For COMPASS on pp interactions at 190 GeV /c, we may set go = 1.5 GeV, approximately 16% of p ~ 9.40
GeV.



assuming that e3 < ¢ and &3 < g, while
VS=¢e4+e,~2p, my<p and my < p (11)
There is a hierarchy of momenta

1
|q3|§q0<<q12q2,§p2§\/§ (12)

We are now ready to calculate, for s — 0o, p — 00, ¢1 — oo and ¢z — oo (but g3 = g2 — ¢

must remain finite.)

te=(pa—11)* = (a— 1)’ — (P — @1)* — K] ~ =K} (13)
ta = (P — p2)* = (€5 — €2)* = (0 — @)% — K3 =~ —~3
and, with m; = r; < ¢;, (i = 1,2),
s13 = (p1+p3)? = mi +mi +2(e183 — gz — K1 - Ka) (14a)
~ 2q1(e3 — q3) + M} + M — 2Ky - Ky (14b)
s23 = (p2 4 p3)® = mj + m3 + 2(e263 + Goq3 — K2 - K3) (14c)
~ 2qy(e3 + q3) + M3 +m3 — 2Ky - K3 (14d)

where we have used the approximations €; ~ ¢; and €5 ~ ¢y to arrive at (14b) and (14d).

Taking the product of the sub-energies in (14a) and (14b), we see that

s13523 ~ 4q1gaw; + 2q1 (€3 — g3) (M3 + mj — 2kKs - K3)
+ 2¢a(e3 + q3) (M3 +m3 — 2K, - K2)
+ (m3 +mj — 261 - Ko)(m3 +m3 — 2Ky - K3) (15a)
s13523 ~ 4q1gaw; + 2q1 (€3 — g3) (M3 + mj — 2Ks - K3)

+ 2(]2(53 + Q3)(m% + mg — 2[4/1 . I‘.',g) (15b)

Observe that the first term is dominant; it is a product of ¢; and ¢, and is independent of

gs3. In order to derive (15b), we have assumed that, from (14b) and (14d),

mf + mg —2K1 Ko K 2Q1(€3 - Q3)

mg + m§ — 2Ky - K3 K 2q2(63 + q3)



Assuming that these conditions are satisfied, we are able to drop, from (15a), the term devoid
of ¢1 or g to obtain (150).¢ We can rewrite the conditions (16) with the conditions spelled
out in (10)
3@ — 2q(e3— @) <2q(q — g3) (17)
e3<<q  —  2q(e3+q3) < 2¢2(q1 + g3)
Combining (16) and (17), we obtain
mi +m3 — 2K, - Ky < 2q1(e3 — ¢3) < 2q1(q2 — g3)

(18)
mg + mg — 2[‘.',2 Ry K 2QQ(€3 + qg) < 2(]2((]1 —+ Q3)

which show that €3 and |¢3| cannot be too large or small.

Retaining only the first term in (15) and using (12), we obtain finally,

Regge Domain: 13893 ~ sw3 = s(mj3 + K3) (19)

a well-known relationship.? For a given /s and a fixed w3, we see that V513 and /sp3 are
dependent on each other by a parabola. This is a crucial formula for central production; it
can be used to define the central production; no other cuts are needed, not even the t cuts.
Kaidalov[3] defines the Regge domain through the relationship (19). We recapitulate the
conditions under which the formulas (13), (15) and (19) are valid:

(1) mlzmzw1<<pzq1:%\/§

2 2

and —t. >~ k] &~ mj remains finite

(2) my = Ky = w; <<]9zqzquﬁ%\/g
and —t4 >~ k3 ~ m3 remains finite

(3) m3 & k3 &~ w3 and €2 = w? + ¢2 where —qy < g3 < qo;
() =q+a; ) <n=qpIp=iVs (c)e<aep;
(d) mi +m3 — 2k - Ky < 2q1(e3 — g3) < 2q1(g2 — @3);

¢ For a sample selected for central production on pp interactions at 190 GeV/c at COMPASS, this formula
is satisfied at about 3% level.

4 For COMPASS on pp interactions at 190 GeV /¢, we have /s ~ 18.9 GeV and w3 < 2.1 GeV. The sample
selected for central production satisfies this formula at ~ 6 % level.



(e) m% + mg — 2[4/2 Ry K QQQ(Eg + qg) < 2Q2(Q1 + Q3)

It is the third condition, with the subsidiary conditions (b), (c¢), (d) and (e), which are
necessary for the equation (19) to be valid. We have thus defined the precise conditions for

the ‘central production of a resonance.’

2 Kinematics for Central Production

We now go into the rest frame of 3 (3RF), see Fig. 2. We first note that, denoting the

3-momenta by boldface in this frame, the equation (2a) becomes

Ea + Eb = El + ms3 + E2 (20&)
Po TPy =P1 P, (200)
b.=D, — P (200)
Pi =Py — P2 (20d)
E.+FE;=m;3 (20¢)
P.+P;=0 (20f)
since ps = 0.
Figure 2: Production of a system 3 via ¢ + d — 3 in the 3 rest frame,
where ¢ and d stand for the Reggeons (or Pomerons).
We set up two planes (1c|a) and (2d|b) in the 3RF by specifying their normals, i.e.
Ny, =P, X p; and Ny, = p, X P, (21)
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We shall fix the plane (1c|a) by specifying p,. to be along the positive z axis and mq, to
be along the y axis, i.e. the plane (1c|a) lies in the (zz) plane. The vector p, can now be
specified by the polar angles ; = (6;,0). The vector p, is given by p, = p. + p;. Next
the second plane in the problem, the plane (2d|b), can be specified by a rotation around
the z axis by an angle ¢ from the plane (1c|a), such that the vectors my, and g, intersect
with an angle ¢ between them. We note that the two planes now intersect along the z
axis by construction. Note that the vector p; = —p, lies along the negative z axis. The
direction of p,, which lies in the (2d|b), can likewise be fixed by introducting the polar angles
Oy = (62, 0). p, is now given through p, = p; + p,. In summary, we can set, in the 3RF,

(

pc = (07 Ovpc)v DPe = Di
Dby = (07 Ovpd)v Pada = —Pi
P, = p1(sinfq, 0, cosd
1 1( 1 1) (22)
P, = (p1sinby,0,p cosby + p;)

Doy = pa(sin O3 cos ¢, sin O, sin ¢, cos Oy)

Py, = (p25in O cos ¢, pa sin by sin ¢, py cos Oy — p;)

|
It can be shown that the eqations (200), (20c) and (20d) are well satisfied by the construction
above, i.e. the expressions (22) above satisfy (20). There are six parameters, p;, p1, 601, pa,
0, and ¢, in the problem. Excluding p; which is given by /s, there are just five parameters
in the 3-body phase-space, as expected. This completes the full specification of the reaction

(1) in the 3RF.

The invariant phase-space formula takes on the form, in the 3RF,
d*p d’p
dd; = . 2 23
’ <2E1)(2E2) (23)

dropping the multiples of (27) factors. The differential phase-space element for the particle

3 does not appear since p; = 0. Using (22), we see that

1 1
0, — (2_]51) P2dpy deos Oy (Q—EQ) pdp, dcos B dg (24)

Ey=/p?+m? and E,=\/p3+m3 (25)

where p; and p, are once again evaluated in the 3RF.

and



It is not usual that one evaluates a phase-space element in the rest frame of a final-
state particle; we have taken advantage of the fact that the equations (23) and (24) are both
Lorentz-invariant expressions, and our development anticipates the partial-wave analyses to
be done on the decay of the particle 3, which must be carried out in its rest frame, i.e. in the

3RF.

3 Regge Phenomenology

Here we write down the production amplitudes of Reaction (1), but following the stan-
dard prescription for introducing the Reggeized amplitudes. We introduce below two Regge
trajectories denoted by the subscripts ¢ and &, but they may very well be the same, i.e. that

of the Pomeron

a;(t) = ap(t) = at) =ag+ o't (26)

where o = 0.081-1.112 and o = 0.25 GeV 2.

The production amplitudes may be written[3], denoting by |jm) the spin state of the
particle 3 in the 3RF,
A A 513 %) :
IR (b = T+ 342) =) G, () (S—) flau(te)] x T"Gi(te, ta, )
ik 0

ag(te) (27)
X Gy, a (ta) (%) lou(ta)]

S0

where sy = 1.0 GeV? a standard constant of Regge phenomenology. Once again, the sum on
{i, k} refers to the possible Regge exchanges at the upper and lower vertices, respectively.
The vertex functions Gy, », (t.) and Gy, »,(ta) refer to the decay vertices (1c|a) and (2d|b),
while 7"'Gy.(t., tq, ¢) refers to the time-reversed decay of (cd|3), see Figs. 1 and 2. The
functions £[a(t)] are the signature factors, given by

14 geimal)

sin Ta(t) (28)

Ela(t)] = -

where o is the signature; if ¢ and k£ both refer to the Pomeron, then we have o, = 0, = 0 = +1.



4 Decay Amplitudes

Our task here is to work out the decay amplitudes in the 3RF,ie. a > 1+c¢, b—2+d

and 3 — c¢+d. For the topics covered here, the reader may consult the references [4] and [5].

For the plane (1c|a), we go to the aRF from the 3RF and take the canonical axes, i.e.
we take the same coordinate system defined in the previous section. here we consider the
tow-body decay a — 1+ c¢. The decay amplitude is, denoting the decay-coupling amplitudes
by F,

Ala = 1+¢) ~ FFP % d&‘; o (07) (29)
where Q] = (0},0) and 6] is the angle between @ in the (a+b)RF and the vector p| in the
aRF, reached via pure time-like Lorentz transformation from the (a+b)RF. By the identical
procedure, we can write down the decay amplitude for b — 2 + d, again in the bRF and

defined in the plane (2d|b), denoting the decay-coupling amplitudes again by F,
A(b — 2+ d) ~ PEPIEDEY () (30)

where the angles 2, = (6, ¢) is defined such that ¢ ia still the same angle defined in the
previous section but ¢, is the angle between b in the (a+b)RF and the vector p) in the
bRF. We note that the spin components A, and ), are the helicities along p, and pj, in the

(a+b)RF.

We now work on the problem of writng down the amplitude for the process ¢ +d — 3.
For the purpose we deal with the time-reversed process 3 — ¢+ d. The relevant vectors are

already defined (22). We are ready to work out the decay process 3 — ¢+ d in the 3RF:
AB = ctd) ~ IFE DY, ) (0,0,0) = IF) (31)

where F' is once again the decay-coupling amplitude, and €y = (0, 0) specifies the orientation
of the vector p. or —py in the 3RF just defined. The D-function is zero unless m = A\, — Ay,
where m is the spin component of 3 in this frame. Here we emphasize that the “body-
fixed” helicites A, and A\ are those defined (29) and (30); it is for this reason that the same

notations are used for both.

The overall amplitude is the product of the three amplitudes defined above
AL, ) =D Ala— 1+ ) Ab = 2+d) AI(3 = ¢+ d) (32)

Jedd AeAd



where we have introduced a Hermitian conjugate of A(3 — ¢+ d) to represent the time-
reversed process ¢+ d — 3. Note that the particles a, b, 1 and 2 are external particles; their
helicities will be summed over at the cross-section level after taking the absolute square of
the amplitudes. We should emphasize that the three sets of angles €y, €} and 2, are all
defined three Lorentz frames as specified previously. We note in addition that there is a
summation over the spins j. and j4. However, they will be transformed beyond recognition
by the process of Reggeization of the exchanged particles. There still remains the possible
choice of the spin sets. For example, if we suppose that the Pomerons are responsible for
both, then the possible spin-parity sets are J¥¢ = 27+ 4%+ or 6**, or 27+ only for simplicity

to represent the Pomeron state.

The helicity-coupling amplitudes F' satisfy the following relationship from parity conser-

vation in the decay [jm) — |s1 A1) + |s2 A2)
TR =i (=) T IR = vy mimy TEY Y (33)

where 7, is the intrinsic parity with £ = {7,1,2}, and v, and 7, are the ‘naturality’ of the

particle k,
Vi = (=), U = (=) for bosons and fermions (34)

where v, and 7, are real for bosons and imaginary for fermions. The two-body decay pro-
cesses, 7 — 14 2, always involve three particles, in which zero or two can be fermions but

all three can never be fermions. As a result, a product of two v’s must be real such that
vijvp ==x1 or vjh==x1 or ppy==1

This covers all the cases of fermions in the problem, and as a result we see that the factor
in (33) must obey

Vj ﬁlﬂg =41

which is as expected.

We note that the coupling constants F’s can made real under certain general conditions

(time-reversal invariance), see Section 5.2 of Reference[5].

Finally, we give here the angles 6] and 6} in terms of the Lorentz-invariant variables in

10



the problem. We start with

/

5= (pg +pp)* =m>+mi+2m, E}

t. = (po —p) > =m2+m?—2m, F
uRF —s (P pl) a 1 1

E, =m, + E,

| Py, =P, =P\ +p;+ D

We see that, from (2),

So3 = (p2 + p3)° = (pg — )
aRF — = s+ m} — 2(E, E{ — p, p) cos 6})

(35)

(36)

=s+m] —2[(ma+E{,)E1 —pgp’lcosei}

In summary, the angle #] depends on three variables s, t. and s93. Likewise, we note that

(

s = (Pa+pp)? =ms+mp +2my E;, = p, =/(E})? —m2
td: Do — P 2:m2—|—m2—2mbE' — p/: E’lz—ﬂ’l2
LRF —s ( 2) b 2 2 2 ( 2) 2 (37)
E; =myp + E;
| P, =P, =P\ +D;+P,
We see that, again from (2),
_ 2 _ 2
s13 = (P14 p3)” = (pg — p2)
bRF — = s +m3 — 2(E, Ey — p), ), cos 0) (38)

=s+m] —2[(mb—|—E;) EYy — pl, py cos 6}

So the angle 0, can be evaluated from s, t; and s;3.

We remark that the angles 6] and 6, are determined through their cosines, so the angles

can be evaluated in the range {0 — }.

5 Reggeized Production Amplitudes

We now combine the results of Sections 3 and 4 and write down the Reggeized production

amplitudes. For the purpose we modify (32) to conform to the double-Reggeon exchange

11



amplitude (27)

s15) %0
A2 =S S Al 1+ o) By(t) (—) Elou(t,)

ik edd Aehd
x A(3 = c+d) (39)

523

ag(ta)

S0

Here we have suppressed helicity indices in A for clarity. The three amplitudes A(a), A(b)
and A(3) play the role of the vertex functions G defined in (27).

The functions B;(t.) and By(t,) are phenomenological ¢ dependence we introduce, setting

t = |t| - |t|min>

t/ _‘)‘c|/2 t/ _|>‘d|/2
Bi(t.) = (t—g) and  By(tq) = (t—g) where \. —A\g=m (40)
c d

where the ket state |jm) stands for the spin state of the particle 3 in its rest frame. Here

t? = t% = +1.0 GeV? (phenomenological). But, according to Boreskov[2], they are quite

different,
¢ —[Acl/2 —ty —[Adl/2
Bi(tc) = ( C) and Bk(td) = (—) (41)
S13 523

Together with the sub-energy dependent factors in (39), following Boreskov, we see that the

overall ¢ dependence is, with o = oy + o/t’,

AL, Q) ~ > Ala = 1+ c) E[a(t)] <_tc) o exp [— In (@) (i + t;)]

Ao g 513 S0
x A1(3 — c+d) (42)
—ty —|Aal/2 So3
x A(b — 2+ d)&[o(ty)] (T) exp {— In (S—) (o + t;)]
23 0

where \. — Ay = m and assuming ¢ = k and suppressing the summation over ¢ and k for

clarity. We now replace the amplitudes A(a — 1+ ¢), AT(3 — ¢+ d) and A(b — 2 + d) with

12



the decay amplitudes given in Section 4, and obtain

—|Xel/2
!/ / 1Jc a / _tc
A )~ ST R e (8) Elad,)] (—)

s
ik AeAg 13

s
X exp [— In (%) (ag; + t’c)] ]Fj\h.;\lz

0
Joprd2dd yde ¥ /
X PPENA D,\b,,\z—xd(ﬁba 05,0)

< elalts) (%)_Md/z exp [ In (‘Z‘”’) (aon + t;)]

where A.— Ag=m

Here we note that, if we take the helicity-coupling amplitudes F' to be real, then the complex
nature of the expression above comes from the factor exp[i A\, ¢| contained in the D-function
above and the signature factors &[a(t.)] and &[a(ty)]. We impose parity conservation in the

decay through the following technique
1

AT (), Q) = 5 [(original) + (A, = —Ax and m — —m)], k={a,b,1,2,¢c,d}
g\ el
35S PR ) €lale]) ()
ik AeAd 13
<exp [~ (22 (o o) 1
X PES DY N (@002:0)
—ty —|xal/2 S93 o
x Ela(tq)] (s—%) exp [— In (S—o) (aok + td)] (44)
1 | NS
T X S @) ate] (5F)
TENY

0

Jb1J2 Jd Jb ¥ /
F20 0, D—,\b,—,\2+,\d(¢79270)

« £lalts) (%:) e {— In (Zij) (s + s t;)}

where A\, — Ay = m. Applying parity conservationin in the decay vertices and the well-known

s
X exp [— In (g) (i + o té)] JF]C/\“_/\d

formula for dfﬁ v (6) under interchange of m — —m and m’ — —m/, and noting that j. and

13



Jq must be integers always, we obtain

AL ) ~ S

ik Ae)g

x %{ exp(i M) + exp(—i M) (va 71) (=) (1 72) (=) u(—)m}

o , g\ el
x]%ﬁxdgjrkwoaan(——)

513
X exp { In (2103) (i + o t’c)]
o —ty —lAal/2
/
<R, (0 o] (T
X exp { In (2203) (cor + oy, tfi)}

where once again A\, — A\; = m and v is the naturality of the system 3 in a state |jm). Here

(45)

we have taken into account the fact that the particle pairs (a,1) and (b,2) can be either
both fermions or both bosons but never a mixture, while the three particles (c,d,3) are
always neutral bosons with integer spins. We have carefully arranged the six factors which
accompany exp(—i Ap¢) such that each of them is always an integer ==+1 and therefore the

product of the six factors is equal to =1 overall. We need to point out that the factors
Uy U1 = +1 and Up Uy = +1

If the identity of the initial and final particles does not change (most of the practical examples
for central production falls into this category). The exceptions are, for example, (a,1)
corresponds to (p, A1) or (77, p7) in which case v, 71 = —1, and the same applies to vy, 7y =
—1. The first factor of (45) shows that the ¢ dependence is given either by cos ¢ or by i sin ¢;
the precise functional dependence depends on the helicities and the naturalities as shown in

the curly brackets. This is the main result of this note.

We remark that, if the production for 3 is dominated by the Pomerons with JF¢ = 2+,
then we can set j. = j; = 2 and furthermore A. = A\; = 0 as a first approximation, i.e. the

states with |jm) for which m = £1 is relatively small compared to those with m = 0. Then

14



we obtain
AN, Q) ~ TR

X %{ exp(i \p) + exp(—i Ap®) (v 1) (=) (1 7y) (—) M2 V}

. {jaF;;zd;z,Mwoaa@cn

X exp {— In (%) (o + o t’c)]
0

x PRG0S, 5, (03) Ela(ta)]

o [ (22) o]

where we have taken out the helicity-coupling constant (and real) JF2Z out in front, to

(46)

indicate that this is the only j-dependent factor in the formula. In other words, the expression
within the second curly bracket is independent of 7 and hence it is merely a proportionality
factor. But we emphasize, however, that it does depend on the naturality v of the central

system 3 (note that v = +1 always if the decay product of 3 consists of two pseudoscalars.)

It is clear that all the physics in the central production is contained within the curly
brackets, and the spin-density matrix is simply a bilinear product of unknown real constants
IF2 for different j’s. So the spin density-matrix is real and of rank-1, but the elements are
unknown. We note that, with w standing for the effective mass of 3, the cross section is
proportional to

21,7 / 123,71 /
P, “dp,dcosf sy~ dphd cos Oyd¢ ;
do ~ §/<—1 21 ; 1 2 22 ; 2 ‘A{)(Q;,Q;)
B aRF E bRF

2

Xa Ap
A1 Ao
(47)
2F) 2F) O T
Xa Ap 1 aRF 2 bRF
A1 Ao

where the Lorentz invariance of the two-dimensional vectors £ 5 along the direction of py, +pj,
has been used above, since they are perpendicular to the direction of the Lorentz transfor-
mation. We require the vector K; to point along the z-axis and the vector ks, which lies

in the zy-plane, to have an angle ¢ from the x-axis. Note that ¢](¢3) is the longitudinal
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momentum of 7 (p,) evaluated in the aRF(bRF). We recall that t. ~ x? and t4 ~ x2, so that

do
Glw,te, ta, @) ~ ———
(w,tes ta, 8) ~ =333
dqi) (dqé) ‘ ; 2 (48)
~ 3 AL, )
= / <2E{ 2 Jypp |0
A1 Ao

We emphasize here that the phase-space factor for the particle 1(2) is evaluated in the
a(b)RF; thus we have taken advantage of the Lorentz invariance of the phase-space factors—
the first factor in the aRF and the second in the bRF—a highly unusual formulation of the
problem adapted in this note. The integration above is considerably facilitated by noting

that, simply rewriting (46),

X {g[a(tc)] X exp { In (‘:’) (a0 +a’t’c)] }
X {g[a(td)] X exp {— In (Z—?) (o0 + o t;)} } (49)

X %{ exp (i Apd) + exp(—i \p®) (Vg 1) (=) (1 1) (—) 072 V}

bFR }

So the A function has been broken up into four factors, and is shown as curly brackets above.

Jbd22 gib /
X szodxb,xz(ez)

ja j12 ja /
x { 1o dy s, (67)
aFR

The first factor depends on ¢ only; the second and the third on t. and t,4, respectively; Only

the fourth factor is dependent on ¢} and ¢4, the variables of integration indicated in (48).

For completeness, we exhibit (45) again here, the general formula for A in which the
helicities for ¢ and d are allowed to take on arbitrary values, but modified to highlight

differences in the factors

AL, )~ Y IR,

ik Ae)g

X %{ exp(i M) + exp(—i M) (va 1) (=) (v 1) (=) V(—)m}

RPN W)
X {J“Fﬂg\‘c (ng0> x Elafte)] xexp [— In <SS—103) (g + t'c)} } (50)

A2 S
{]b Fi2da ( ) x Ela(ty) X exp [— In <—) (aok + oy tfi)] }
523 50

& x d% 0;
{ Aa, A\1— F ,\b,,\g_xd( 2) WRF
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with the constraint m = A, — A\g. This is a general formula which can be applied to any
Regge exchanges for ¢ and d with arbitrary helicities. The formula consists of four curly
brackets: the first depends on ¢ only; the second and the third on . and t4, respectively:;

and the fourth on the the longitudinal momenta for the particles 1 and 2.

The next level of approximation® would involve setting A, = +1, \y = £1 m = +1
subject to the constraint m = A\. — \;y. One obvious way to achieve this would be to set, for
m = 0,=£1,

{m, \;;, \a} ={1,1,0} and {1,0,—1}
=4{0,0,0}, {0,1,1} and {0,—1,—-1} (51)
={-1,-1,0} and {-1,0,1}

6 Spin-Density Matrix for Particle 3

We now let 7 to stand the decay of 3 into n > 2 particles. Then the overall amplitude

for the production and decay of a system 3 is
Al (w, @3, 7) = A (7, ) A (7) (52)

where w is the effective mass of the system 3. The phase-space factor @5 is the usual Lorentz-
invariant element which depend on the angles Q] and €, as well as appropriate momenta to
fully specify the production process. If we make the simplifying assumption that the decay
amplitude A7 *(7) does not depend on the production variables except the mass w, then we
may write

AL (w, 3, 7) = AL (), ) AL (w, 7) (53)

So we have made an assumption that the amplitude A7 *(w, 7) does not depend on any of the
production variables in A7 (Q},€)). This cannot be true in general but merely a practical

simplification.

¢ We know that at ~ 10% level there are A = 1 components present in the COMPASS data.
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The differential cross section is, summing over the ‘external’ helicities,

Z/dq)g ZA (w, @5, 7)

XasAp
A2

~ Y Z/dq>3 I, Q) AT (w, T) AT (Y, ) AT (w, 7) (54)

Aa,Ap ]m
A1,A2 i’'m

~ SN A, 7) AT (w, 7) / Ay AT (0, Q%) AT F(Q, )

XaAp Jm
XAy §7m!

’

where the differential element of the phase d®; has already been given in (23) and (24). So
we have come up with a reasonable model for the production and decay of the system 3. We
may define the spin-density matrix in the ususal way

p]m i Z /d(I)g (Q’l,Q/)AJ *(Q’l,Q/) (55)

XasAp
A1sA2

From (48) we see that the expression above becomes

dgy dgs : %

k 1 2 / / 7 / /

P oo (Les ta, @) ~ /( ) ( ) AT (0, Q) AT F(Q, Q)

T Aa,Ap 2Ei aRF 2E§ bRF ! ? ! 2 (56)
AsAg

Note that the decay coupling constants 7 ﬂ ’;c , I /{z f\f; , ]Fgfif; (for different j’s) are un-
known, so one can only explore the range of density matrix assuming certain values for the
coupling constants. The amplitudes A7 and AZ?;, above have internal summation on A\, and

A with m = A\, — A4, and on X, and A, with m' = A, — AL

The formula (34) can be given in a compact expression in terms of the density matrix

d_a
dr

jm
3’ m!

pims e A3 (w,7) AT (w0, 7) 67)

Note that we have here taken a complex conjugate of (34).

The remaining task is to carry out the integral in (56) and find out what terms are
important after the phase-space integral, and thus gain insight into the process of 2- to

3-body reactions for a partial-wave anlysis of the central system 3.
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7 Conclusions

We have here worked out the sub-energy formula at three levels of approximations:

(a) the formula (15a) at the first-level approximation;
(b) the formula (15b) at the second-level approximation;
(c) the formula (19) at the third-level approximation.

It is the third-level approximation which is widely quoted in the literature, see [2] and [3].
The formula (19) is not very well satisfied at COMPASS energies. Even with (15), the first-
level approximation, the equality is violated at (~ 3.0 GeV)*. So, from this point of view, it
appears that the central production cannot be defined through (15a), (15b) or (19). Or, to
put it in other words, the COMPASS energy is simply not high enough for the conditions of

central production, conventionally defined and spelled out in Section 1, to be valid.

But for a study of light-quark spectroscopy the formula (19) should be well statisfied for
ALICE. If the Roman pots were available for ALICE, a program of light-quark spectroscopy
of mesons with mass less than 3.0 GeV can be carried out—with an enormous increase in
sensitivity for the light-quark mesons in the range 2.0 GeV-3.0 GeV, which are still poorly
known. It is possible, in addition, that the spectroscopy of charmonium states, in the mass
range of 3.0 to 4.5 GeV, could be handled as well with the ALICE detector, competitive

with other experimental facilities elsewhere in the world.

The spin-density matrix is given in (55) and the general formula for the amplitudes
AJis given in (50). We emphasize that the decay coupling constants JoFy! 4, JoF{2 f\f; and
IF gj f\f; are unknown; so explicit expressions for the spin-density matrix cannot be calculated.
However, a great deal of insight could be gained by studying the matrix for assumed values

of F’s as a function of t., t; and ¢, as given in (56).
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Appendices:

A Boreskov Treatment

Here we retrace a few essential elements of a paper by Boreskov([2]. In the overall CM
system, i.e. the rest frame of p, + py, he sets up a coordinate system with the z-axis along
—ps and assigns the vector p, to lie in the (zz)-plane. In this frame, the vector p; has the
polar angles (U5, ¢). In summary, we have

ﬁa:paﬁuo ﬁ:paﬁ_ﬁvﬂ-
(h,0) b = Pal 1,7) (A1)

p3 = ps(m,0) P = p1(Ya, p) Po = —pP3 — Di

The plane formed by pi, p3 and p> can be thought of as the (zz)-plane rotated by ¢ around
the z-axis. Our coordinate system is very different from this setup. He writes down the

production amplitude as follows:

T = Z d#lAl(ﬁl)Djnigjg(go7ﬁ2ao)T(jl;jQ)

J1jama | | | (A2)
= Z Ao, (V1) e d L (U2) T'(G1; J2)
J1 jama
where 2 2 2 2 2
s — (ta —m3 —t)(te + my —ms) — 2t.(s13 — m3 —my)
! Alte, tg, m3)A(t., m2, m2)
cos ¥y — (te —m32 — tg)(t. + m2 — m?2) — 2t4(s23 — m2 — m3) (A.3)

A(te, ta, m3)A(tg, m2, m3)
Az, y,2) = (2° + > + 22 — 2zy — 202 — 2yz)/?

(simply transcribed from the Boreskov paper—not checked independently).
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The high-energy limit ( the Regge picture) is attained by setting cos(v;) — oo and

cos()3) — oo which lead to the conidtions

2(mi — mg)(mj — ta)

_tc>>_tcmin:_ = ) ma?'éml
513
2 2
m —td
:_me( 382 )7 Me = Mg = My
13 (A4)
2(m2 —m2)(m2 —t ’
bt (m3 — mi)(mj3 c)’ my £ 1y
523
2 2
m5 —t
:—mfi( 32 C), mf:mb:m2
523

(simply transcribed from the Boreskov paper—mnot checked independently).

We note here that the angles in cosv; and cos, are very different from those which

appeared in Section 3.
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