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FOREWORD

One of the basic problems in the study of elementary particle physics is that of describing
the states of a system consisting of several particles with spin. This report represents an at-
tempt to present a coherent and comprehensive view of the various spin formalisms employed
in the study of the elementary particles. Particular emphasis is given to the description of
resonances decaying into two, three or more particles and the methods of determining the
spin and parity of resonances with sequential decay modes.

Relativistic spin formalisms are based on the study of the inhomogeneous Lorentz group
called the Poincaré group. This report, however, is not a systematic study of this group. It
is our opinion that most of the features of the spin formalisms may be understood on a more
elementary and intuitive level. Certainly, a deeper understanding of the subject is possible
only from a careful study of the Poincaré group. Suffice it to say that the group possesses
two invariants corresponding to the mass and the spin of a particle and that all possible
states of a free particle with arbitrary mass and spin form the set of basis vectors for an
irreducible representation of the group.

Our approach here is to start with the particle states at rest, which are the eigen-vectors
corresponding to the standard representation of angular momentum, and then “boost” the
eigenvectors to obtain states for relativistic particles with arbitrary momentum. If the boost
operator corresponds to a pure Lorentz transformation, we obtain the canonical basis of state
vectors which, in this report, we call the canonical states for brevity. On the other hand, a
certain boost operator corresponding to a mixture of a pure Lorentz transformation and a
rotation defines the helicity state vectors whose quantization axis is taken along the direction
of the momentum. Of course, this approach precludes discussion of massless particles on the
same footing. We may point out, however, that states of a massless particle can best be
treated in the helicity basis, with the proviso that the helicity quantum number be restricted
to positive or negative values of the spin. In this report, we deal exclusively with the problem
of describing the hadronic states.

In Sections 1 to 4, we develop concurrently the canonical and helicity states for one- and
two-particle systems. In Section 5 we discuss the partial-wave expansion of the scattering
amplitude for two-body reactions and describe in detail the decay of a resonance into two
particles with arbitrary spin. The treatment of a system consisting of three particles is given
in the helicity basis in Section 6.

Section 7 is devoted to a study of the spin-parity analysis of two-step decay processes, in
which each step proceeds via a pion emission. We give a formalism treating both baryon and
boson resonances on an equal footing, and illustrate the method with a few simple but, in
practice, important examples. In developing the formalism, we have endeavored to make a
judicious choice of notation, in order to bring out the basic principles as simply as possible.

In the last two sections, Sections 8 and 9, we discuss the tensor formalism for arbitrary
spin, the relativistic version of which is known as the Rarita-Schwinger formalism. In the



case of integral spin, the starting point is the polarization vectors or the spin-1 wave functions
embedded in four-momentum space. The boost operators in this case correspond to the fa-
miliar four-vector representation of the Lorentz transformations. In the case of half-integral
spin, we start with four-component Dirac formalism for spin-1 states; the boost operators
here correspond to the 4 x 4 non-unitary representation of the homogeneous Lorentz group.
We derive explicit expressions for the wave functions for a few lower spin values and ex-
hibit the form of the corresponding spin projection operators. Particular emphasis is given,
through a series of examples, to elucidating the connection between the formalism of Rarita
and Schwinger and that of the non-relativistic spin tensors developed by Zemach, as well as

the relationship between these and the helicity formalism of Section 4.

It is in the spirit “Best equipped is he who can wield all tools available” that we have
attempted to present here a coherent and unified study of the spin formalisms that are fre-
quently employed in the study of resonant states. This report, however, is not an exhaustive
treatise on the subject; rather, it represents an elementary, but reasonably self-contained
account of the basic underlying principles and simple applications. We give below a list of
general references, either as a supplementary material for the subjects treated briefly in this
report, or as a source of alternative approaches to the methods developed here.

On the subject of angular momentum and related topics such as the Clebsch-Gordan
coefficients and the Wigner D-functions, the reader is referred to Messiah [1], Rose [2], and
Edmonds [3]. A thorough account of the irreducible unitary representation of the Poincaré
group is given in Werle [4] and in Halpern [5]; a more concise exposition of the subject
may be found in Gasiorowicz [6], Wick [7], Froissart and Omnes [8], and Moussa and Stora
[9]. For a good treatment of the resonance decays covered in Sections 5 to 7, the reader is
referred to Jackson [10]. Pilkuhn [11] gives a brief account of the spin tensors discussed in
Sections 8 and 9. A systematic study of the relativistic spin states in a direction not covered
in this report has been made by Weinberg [12] who has used the finite dimensional states
of arbitrary spin. Some of the notations we have used are, however, those of Weinberg. We
have not attempted to give a complete list of references on the subject of spin formalisms; the
reader is referred to Jackson [10] for a more extensive list of references. See also Tripp [13]
for a comprehensive survey on the methods of spin-parity analysis which have been applied
to the study of resonant states.

The author is indebted to Drs. M. Jacob and P. Auvil for several enlightening discussions
and to Drs. Reucroft and V. Chaloupka for careful reading of the draft. The author wishes to
thank Dr. L. Montanet for his encouragement and support and the Track Chambers Division
at CERN for its warm hospitality during the years 1969-1971.
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FOREWORD TO THE UPDATED VERSION

This updated version has been produced by Ms Fern Simes/BNL. I am very much in-
debted for her patience and her extraordinary skill in converting the original text into a BTEX
file. T acknowledge with pleasure the expert advice of Dr. Frank Paige/BNL on the interface
problems relating to TEX and TEX. T am indebted to Dr. Norman McCubbin/Rutherford
for sending me his suggested corrections and the typographical errors that he has found in
Sections 1 through 5. This ‘Second Version’ incorporates, in addition, all the corrections
that I have found necessary over the intervening years and the typographical errors that I
have come across.

There has been a time span of some 32 years, since I produced the original version while
I worked at CERN on leave-of-absence from BNL. I have since then come across many items
in the report which I would have treated differently today. Instead of rewriting the report
from scratch, I have decided to give a series of references, which I have found useful or which
represent an advance in the topics covered in the original version.

There are two textbooks and/or monographs which I consult often. They are:

e A. D. Martin and T. D. Spearman, ‘Elementary Particle Theory,’
North-Holland Publishing Co., Amsterdam (1970).

e Steven Weinberg, ‘The Quantum Theory of Fields,’
Volume I (Cambridge University Press, Cambridge, 1995), Chapter 2.

Another recent monograph which the reader may find useful is

e Elliot Leader, ‘Spin in Particle Physics,’
(Cambridge University Press, Cambridge, 2001),

There are two important references on the Poincare group which should be mentioned:

e A. J. Macfarlane, J. Math. Phys. 4, 490 (1963).
o A. McKerrell, NC 34, 1289 (1964).

The first work treats the topic of the intrinsic spin of a two-particle system in terms of
the generators of the Poincare group. The second work introduces, for the first time, the
concept of the relativistic orbital angular momenta, again starting from the generators of
the Poincare group.

The Zemach formalism, used widely in hadron spectroscopy, is inherently non-relativistic.
A proper treatment requires introduction of the Lorentz factors v = E/w, where w is the
mass of a daughter state and E is its energy in the parent rest frame. There are some recent
references which deal with this topic:

e S. U. Chung, Phys. Rev. D 48, 1225 (1995).
e S. U. Chung, Phys. Rev. D 57, 431 (1998).
e V. Filippini, A. Fonatana and A. Rotondi, Phys. Rev. D 51, 2247 (1995).
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The reader may consult the second reference above for a formula for the general wave func-
tion, corresponding to |JM) where J is an integer, which are constructed out of the familiar
polarization 4-vectors. An independent derivation of the same formula has recently been
carried out by

e S. Huang, T. Ruan, N. Wu and Z. Zheng,
Eur. Phys. J. C 26, 609 (2003).

They have also worked out an equivalent formula for half-integer spins.

One of the most important decay channels for a study of mesons is that involving two
pseudoscalar particles. Such a decay system is described by the familiar spherical harmonics,
but the analysis is complicated by the ambiguities in the partial-wave amplitudes. A general
method of dealing with such a problem can be found in

e S. U. Chung, Phys. Rev. D 56, 7299 (1997).

When a meson decays into two identical particles, the ensuing ambiguity problem requires
introduction of a new polynomial; see the Appendix B for a derivation of the polynomial.

The reader will note that the references cited here are not intended to be exhaustive. It
is intended merely a guide—somewhat personal—for further reading.

Suh-Urk CHUNG

BNL
Upton, NY
April, 2003
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1 One-Particle States at Rest

States of a single particle at rest (mass w > 0) may be denoted by |jm), where j is the
spin and m the z-component of the spin. The states |jm) are the canonical basis vectors by
which the angular momentum operators are represented in the standard way. The procedure
for representing the angular momentum operators is a familiar one from non-relativistic
quantum mechanics[2]. We merely list here the main properties for later reference. Since the
angular momentum operators are the infinitesimal generators of the rotation operator, the
spin of a particle characterizes how the particle at rest transforms under spatial rotations.

Let us denote the three components of the angular momentum operator by J,, J,, and
J, (or Ji, Jo, and J3). They are Hermitian operators satisfying the following commutation
relations:

[Ji,Jj] :’iEijk Jk y (11)
where 7, j, and k run from 1 to 3. The operators J; act on the canonical basis vectors |jm)
as follows:

Jljm) = j(5+1)[im)
Jolgm) = m|jm) (1.2)
Jeljm) = [GFm)(£m+1)]2jm£1),
where J* = JZ+J7 +J and Ji = J, +iJ,. The states |jm) are normalized in the standard
way and satisfy the completeness relation:
(g'm’[m) = 6j1; O

Z jm)(jm| =1 , (1.3)

where I denotes the identity operator.

A finite rotation of a physical system (with respect to fixed coordinate axes) may be
denoted by R(a,,7), where («, 5,7) are the standard Euler angles. To each R, there
corresponds a unitary operator U[R|, which acts on the states |jm), and preserves the mul-
tiplication law:

UlRs R1] = U[Ry] U[Ry] .
Now the unitary operator representing a rotation R(a, 3,7) may be written
UR(a, B,7)] = e~ =0 ¢=in: (14)

corresponding to the rotation of a physical system (active rotation!) by 7 around the z-axis,
f around the y-axis, and finally by « around the z-axis, with respect to a fixed (z,y, 2)
coordinate system. Then rotation of a state |[jm) is given by

UlR(ct, B,)] ljm) = Y [jm') Dy, 8,7) (1.5)

where D’ , s the standard rotation matrix as given by Rose[2]:

D}y(R) = Dy, B,7) = (jm' | ULR(a, 8,7)] |jm)

— e_im/adgl/m(ﬁ) e—im'y
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and ' '
d?, (8) = (jm/|e" P |jm) . (1.7)

In Appendix A some useful formulae involving Dil . and d; . are listed.

2 Relativistic One-Particle States

Relativistic one-particle states with momentum p may be obtained by applying on the
states |jm) a unitary operator which represents a Lorentz transformation that takes a particle
at rest to a particle of momentum p. There are two distinct ways of doing this, leading to
canonical and helicity descriptions of relativistic free particle states.

Let us first consider an arbitrary four-momentum p* defined by

P =% p" % p%) = (E,ps,py,p.) = (E,7) . (2.1)

With the metric tensor given by

gﬂlj e g/»“’ — _1 (22)
0 —1

we can also define a four-momentum with lower indices:
Pp = g;wp” = (E7 _ﬁ> . (23)

The proper homogeneous orthochronous Lorentz transformation takes the four-momentum
p* into p'* as follows:
p't = A" p", (2.4)

where A*, is the Lorentz transformation matrix defined by
Gap A%, AP, = Gy detA =1, A% > 0. (2.5)

The Lorentz transformation given by A*, includgs, in general, rotations as well as the pure
Lorentz transformations. Let us denote by L*,(/5 ) a pure time-like Lorentz transformation,
where ﬁ is the velocity of the transformation. Of particular importance is the pure Lorentz
transformation along the z-axis, denoted by L.(f):

cosha 0 0 sinha
0 1 0 0
sinha 0 0 cosha

where 8 = tanh .
In terms of L,(f3), it is easy to define a pure Lorentz transformation along an arbitrary

direction E :

L(B) = R($,0,0)L.(B)R™"(¢,6.,0) , (2.7)
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where R(¢,0,0) is the rotation which takes the z-axis into the direction of 3 with spherical
angles (6, ¢):

B=R(¢,0,0)z . (2.8)
The relation (2.7) is an obvious one, but the reader can easily check for a special case with
¢ =0:
10 cosf 0 sind
* —sinf 0 cosf

Now the action of an arbitrary Lorentz transformation A on relativistic particle states
may be represented by a unitary operator U[A]. The operator preserves the multiplication
law, called the group property:

UlAoAi] = U[A] U[A) (2.10)

Let us denote by L(p ) the “boost” which takes a particle with mass w > 0 from rest
to momentum p and the corresponding unitary operator acting on the particle states by

UL(p)): o
UL(p)] = e, (2.11)

where tanh o« = p/E, sinh &« = p/w, and cosha = F /w.

In analogy to Eq. (1.4), a boost operator defines a Hermitian vector operator K, and
the components K; are then the infinitesimal generators of “boosts”. The three components
K; together with J; form the six infinitesimal generators of the homogeneous Lorentz group,
and they satisfy definite commutation relations among them. We do not list the relations
here, for they are not needed for our purposes. The interested reader is referred to Werle
4].

From the relation (2.7) and the group property (2.10), one obtains

UIL(7)] = U[R(¢,0,0)]U[L.(p)]U'[R(¢,06,0)] , (2.12)
where the rotation }OZ takes the z-axis into the direction of p’ with spherical angles (6, ¢):

b= R(6,0,0)% . (2.13)

We are now ready to define the “standard” or canonical state describing a single particle
with spin 7 and momentum p:

P, jm) = ¢,0,p, jm) = ULL(p' )] |jm)

. o . (2.14)
= U[R(¢,0,0)]U[L.(p)] U ' [R(¢,0,0)] |jm) ,

where [jm) is the particle state at rest as defined in the previous section. We emphasize
that the z-component of spin m is measured in the rest frame of the particle and not in the

3



frame where the particle has momentum p.
The advantage of the canonical state as defined in Eq. (2.14) is that the state transforms
formally under rotation in the same way as the “rest-state” |jm):

UIR] |7, jm) = U[RR) U[L.(p)] U™ [RR] U[R] |jm)

: n (2.15)
= Z Dgn’m(R) |Rp>]m,> )

where one has used Eq. (1.5). It is clear from the relation (2.15) that one may take over all
the non-relativistic spin formalisms and apply them to situations involving relativistic par-
ticles with spin. One ought to remember, however, that the z-component of spin is defined
only in the particle rest frame obtained from the frame where the particle has momentum p’
via the pure Lorentz transformation L™!(p’) as given in Eq. (2.7) [see Fig. 1.1(a)].

z z

x

Figure 1.1: The orientation of the coordinate systems associated with a particle at rest in the (a)
canonical (Z., ¥, Z.), and (b) helicity description (T, = §p X Zn, Un X 2 X P, Zp = P).

Next, we shall define the helicity state describing a single particle with spin j and mo-
mentum p [see Fig. 1.1(d)]:

15,57) = 6, 0,p, jA) = UIL(F)] U[R($,0,0)] |A)

O (2.16)
= U[R(¢,0,0)]U[L:(p)] |7A) -

Helicity states may be defined in two different ways. One may first rotate the rest state |j\)
by R, so that the quantization axis is along the p’ direction and then boost the system along

P to obtain the helicity state |p,jA). Or, equivalently, one may first boost the rest state
|7A) along the z-axis and then rotate the system to obtain the state |p) j\). That these two
different definitions of helicity state are equivalent is obvious from the relation (2.12).

One sees that, by definition, the helicity quantum number A is the component of the spin
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along the momentum p, and as such it is a rotationally invariant quantity, simply because
the quantization axis itself rotates with the system under rotation. This fact may be seen
easily from the definition (2.16):

U[R] |5, j») = U[RR]U[L.]|j\)
= |[Rp,jA) - (2.17)

In addition, the helicity A remains invariant under pure Lorentz transformation that takes
pinto p”, which is parallel to p. Then, the invariance of A under L' may be seen by

Ul |5.3N = UILUILGE)UIR] 1A

= UILGF)UIR) i) (2.18)
= 154N

There is a simple connection between the canonical and helicity descriptions. From the
definitions (2.14) and (2.16), on finds easily that

o o o

7, jA) = U[RJU[L.JU ' [RIU[R]|j\)

oo (2.19)
=D Do (R) [i7.jm) -
We shall adopt here the following normalizations for the one-particle states:
—/ ‘/m/ —»-m :S =/ = 6"/ 5mm’
0" m|pjm) = 6(p" — p')dy; (2.20)

(B NIFIN) = 05" = 5)dj v
where 6(p”" — ) is the Lorentz invariant -function given by
o(p" —7) = (2n)*(2E) 0¥ (7" — 7). (2.21)

It can be shown that, with the invariant normalization of Eq. (2.20), an arbitrary Lorentz
transformation operator U[A] acting on the states |p,jm) or |p,jA) is indeed a unitary
operator, i.e. UTU = I. With the invariant volume element as defined by

. By

dp = ——— 2.22
the completeness relations may be written as follows:
> / [pjm) dp (pjm| =1
o (2.23)

3 / i) dp (A =1,
A

where I denotes the identity operator.



3 Parity and Time-Reversal Operations

Classically, the action of parity and time-reversal operations, denoted P and T', may be
expressed as follows:

~

— =D,

Dy

_f’

Jo -
Jos - |

~

8y

— =D,

Sy

)

where ¥, p, and J stand for the coordinate, momentum, and angular momentum, respec-
tively. It is seen from Eq. (3.1) that P and T' commute with rotations, i.e.

[P,R]=0, [T,R]=0. (3.2)

From Eq. (3.1), one sees also that the pure Lorentz transformations (in particular, boosts)
act under P and T according to

PL(5) = L(-5)P,  TL(F) = L(—p)T . (3.3)

Let us now define operators acting on the physical states, representing the parity and
time-reversal operations:
IT = U[P]
T = U[T],

where II is a unitary operator and T is an anti-unitary (or anti-linear unitary) operator [1].
T is represented by an anti-unitary operator due to the fact that the time-reversal operation
transforms an initial state into a final state and vice versa. Operators II, T, U[R], and
U[L(p)] acting on the physical states should obey the same relations as Eqgs. (3.2) and (3.3):

(3.4)

[mUmﬂ:o [mUmﬂ:o (3.5)

and
NUIL(F)] = U[L(=5)]| I 56
TU[L(pP)] = U[L(=p)]T . ’

We are now ready to express the actions of IT and T on the rest states |jm). From the
relation (3.5), it is clear that the quantum numbers j and m do not change under II:

I|jm) = nljm) , (3.7)

where 7 is the intrinsic parity of the particle represented by |jm). Let us write the action of
T as follows:

T|jm) =Y Timljk) -
k
The relation (3.5) implies that, remembering the anti-unitarity of T,

Y Dy B) T =Y Tk D (R) -
k k
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From Egs. (A.8) and (A.9), one sees that the above relation may be satisfied, if 75, is given
by

Trm = dr{z’m(ﬂ-) = (_)j—mém/7_m )

so that the action of T on the states |jm) may be expressed as
T|jm) = (=)""|j —m) . (3.8)

Using the definition (2.14) and Eq. (3.6), one can show that the canonical state with mo-
mentum p transforms under II and T as follows:

IL|p;, gm) = n| = p, jm)

. ) 3.9
H|¢>9>Pa]m>:77|7T+¢a77—9729a]m> ( )

and o - o
T|p,jm) = (=)™ = p,j —m)

: 3.10
T|¢a9ap>]m> = (_)]_m|7r+¢>7r_ 9>paj _m> : ( )

Next, we wish to express the consequences of II and T operations on the helicity states
Ip,jA). The simplest way to achieve this is to use the formula (2.19), which connects the
helicity and canonical states. Then, by using Egs. (3.9), (3.10), and (A.12), one obtains
easily

M|g,0,p,iA) =ne ™|+ ¢, 7 —0,p,j —\) (3.11)

and '
T|¢’9’p’j)\>:6_Z7r)\|ﬂ'+¢’7r_9’p’j)\> * (3'12)

Now the helicity A is an eigenvalue of J - p. According to expressions (3.1), J - D — —J- D
under P and J - D — J- p under T'. This explains why the helicity A changes sign under II,
while it remains invariant under T.

Finally, we wish to elaborate on the meaning of the negative momentum in the state
| — P, jm) in Egs. (3.9) or (3.10). By definition,

| = p,gm) = U[L(=p )] |jm) - (3.13)

Note the following obvious identity [see Eq. (2.7)]:

o—1

L(—F) = RL_.(p)R
= RL.(p)R™",

(3.14)

where L_,(p) denotes a boost along the negative z-axis, Ji’ = R(¢,0,0) and R = R(n+¢, 7 —
0,0). From Egs. (3.13) and (3.14), we obtain the result

| =P gm) = |7+, —0,p,jm) . (3.15)

On the other hand, one does not have the relation like (3.15) for helicity states. Let us write

| = 5, jA) = U[RU[L_.(p)] [j) (3.16)



From Eq. (3.14), we see that

o

RL_.(p) # RL.(p)

so that R

| =1, #UIRU[L:(p)] [7A) = |7 + &, m = 0,p,jA) - (3.17)
The reason for this is that, while canonical states have been obtained using operators cor-
responding to pure Lorentz transformations, the helicity states are defined with operators
representing a mixture of rotation and pure Lorentz transformation. The phase factors ap-
pearing in Egs. (3.11) and (3.12) may be viewed as a consequence of the inequality (3.17).

4 Two-Particle States

A system consisting of two particles with arbitrary spins may be constructed in two
different ways; one using the canonical basis vectors |p, jm), and the other using the helic-
ity basis vectors |p,j\). We shall construct in this section both the canonical and helicity
states for a two-particle system having definite spin and z-component, and then derive the
recoupling coefficient which connects the two bases. Afterwards, we investigate the trans-
formation properties of the two-particle states under II and T, as well as the consequences
of the symmetrization required when the two particles are identical.

4.1 Construction of two-particle states

Consider a system of two particles 1 and 2 with spins s; and sy and masses w; and ws.

In the two-particle rest frame, let p' be the momentum of the particle 1, with its direction

given by the spherical angles (0, ¢). we define the two-particle state in the canonical basis
by

[¢0mams) = a UIL(p)] |syma)U[L(=p')] |s2mna) | (4.1)

where |s1m;) is the rest-state of particle ¢ and a is the normalization constant to be deter-
mined later. L(£p) is the boost given by [see Eq. (3.14)]

o—1

L(+7) = R(6,0,0)Lo-(p)R (6,6,0) | (4.2)

where R(¢,0,0) is again the rotation which carries the z-axis into the direction of p’ and

L..(p) is the boost along the +z-axis.
Owing to the rotational property (2.15) of canonical one-particle states, one may define
a state of total spin s by

|pOsms) = Z (s1my sama|sm)|pOmyms) | (4.3)
mimo
where (s1m4 sema|smy) is the usual Clebsch-Gordan coefficient. Using the formula (A.14),
one may easily show that, if R is a rotation which takes 2 = (6, ¢) into R’ = RS},

U[R] |2 sm,) = ZD R)|R sm') , (4.4)



so that the total spin s is a rotational invariant.
The state of a fixed orbital angular momentum is constructed from Eq. (4.3) in the usual
way:

[tmsmg) = /dQ YA (Q)|Qsmy) (4.5)

where d) = dpdcosf. Let us investigate the rotational property of Eq. (4.5). Using
Eq. (4.4),

U[R] |fmsm,) = / QY QDS (R)|R'sm.) (4.6)
where R’ = R'(¢/,8',7') = RQ, dQ = da’dcos ', and, from Eqs. (A.13) and (A.3),

YiQ) = ,/2“1175*(3 R
_ 20+1 0% 0%
= 4/ = ZD Y DY (R (4.7)

2 : /
= Dm’m m’ ,Oé),
m/

one obtains the result

U[R] [tmsm,) = ZD Sy (R) [0 sm,) . (4.8)

This shows that the states [¢fmsmy) transform under rotation as a product of two “rest
states” [fm) and |smy).
Now, it is easy to construct a state of total angular momentum J:

|JMls) = Z (¢msmg|J M)|fmsm)

mms

= Z (fm smg|J M )(s1mq Soma|smyg) X (4.9)

mms
mima

From Eqgs. (4.8) and (A.14), one sees immediately

R]|JM/s) = Z Dl (R)|JM'Cs) . (4.10)
Note that, as expected, ¢ and s are rotational invariants: Eq. (4.9) is the equivalent of the
non-relativistic L-S coupling.

Next, we turn to the problem of constructing two-particle states from the helicity basis
vectors |p, jA). In analogy to Eq. (4.1), we write

907%s) = aURI{UIL ()] [siA)ULL— ()] 52 —Aa) |

= U[R(¢,0,0)] |00A)s) | (4.11)



where |s;);) is the rest state of particle ¢ and a the normalization constant of Eq. (4.1). We
have constructed the helicity state for the particle 2 in such a way that its helicity quantum
number is +As.

States of definite angular momentum J may be constructed from Eq. (4.11) as follows:

|TM M \g) = év—;/dRD;@t(R)U[R] |00 \g) (4.12)

where NN; is a normalization constant to be determined later. Let us apply an arbitrary
rotation R’ on the state (4.12):

Ny

UIR'|IMMd) = 32

/ dR Dy (R)U[R"][00A1As) |

where R” = R'R. But, by using Eq. (A.3) and the unitarity of the D-functions,
Dy (R) = Dij(R™R")
= ZDMM, R ~YD{f(R")

= Z DM’M R/) D (R”)
M/

Using this relation, as well as the fact that dR = dR”, one obtains the result
U[R']|JMA Xy = ZDM,M (RO[JM' M\ As) (4.13)
so that states (4.12) are indeed states of a definite angular momentum J. Note that, as
expected, A\; and Ay are rotational invariants.
Now, let us specify the rotation R appearing in Eq. (4.12) by writing R = R(¢,0,7).
Then,

U[R(9,0,7)] [00A1\2)
= U[R(¢,0,0)]U[R(0,0,7)] [00A1 ) (4.14)
eI AT U[R (¢, 6, 0)] |00 Ao -

The last relation follows because of the commutation relation
[R(0,0,7), Li-(p)] =0 . (4.15)
Substituting Eq. (4.14) into Eq. (4.12), and integrating over d-, one obtains

TMA) = Ny / 40 DL (6,0, 0)|6OANs) | (4.16)

where A = A\{ — Aq.
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4.2 Normalization

We shall now specify the normalizations we adopt for states (4.1) and (4.11). The most
convenient choices are

(QYmimy|Qmima) = §P(Q = Q)6 mmt Sy (4.17)

and

(YNNG QA Ae) = 6@ (Q — )03, x s, - (4.18)

With the single particle normalizations as defined in Egs. (2.20), one may show (see Appendix
C) that

L /p

a=—,]=
Ar\ w’

(4.19)

where p is the relative momentum and w is the effective mass of the two-particle system.
The normalization (4.17) implies that the states |JM/{s) given in Eq. (4.9) obey the following
normalizations:

<J/M/£/S/‘JM£S> = 5]]/5MM/555/533/ . (420)

From Egs. (4.18) and (A.4), the state |JMA;\2) of formula (4.16) is seen to be normalized
according to
<J/M/)\/1)\/2|JM)\1)\2> = 6JJ/6MM/5)\1)\/15)\2)\’2 , (421)

if the constant N is set equal to
2J+1
N; = . 4.22
I=N T (4.22)

The completeness relations may now be written

> [IMes)(IMUs| =T (4.23)
IM
ls
and
D ITMN M) (TMMAo| =1 . (4.24)
JM
A e
From Eqgs. (4.16) and (4.18), we obtain the relation
<Q)‘/1)\,2|JM)\1)\2> = NJD}(4§(¢? 9) O) 5)\1)\’1 5)\2)\’2 . (425)

4.3 Connection between canonical and helicity states

We start from formula (4.11):

68702) = aUIRI{UIL )] lsM)UL—(0)] |32 —a) }

= UIL)UR) s MULL(~5 )ULR] |52 o) (4.26)
= 3 Db, (6,6,0)D3%, ., (6,6,0)[¢0mims) |

11



where we have used the formulae (2.12), (1.5), and (4.1). Then from Eq. (4.16),

M) =Ny Y [ A DI (6.6.00D5,, (66,0005, (6,6.0)[6bmima) . (427)

mimsa

The product of three D-functions appearing in Eq. (4.27) may be reduced as follows. From
Eq. (A.14),
Dy Dy s, = Z(slmlsgm2|sms)(sl)\152 — Xa|sA\) Dy, (4.28)

sms

2041 .
Z\/%H <2J+1) (Cmsmy| JM) (C0sA|JA)YE (4.29)

Substituting these into Eq. (4.27) and comparing the result with Eq. (4.9), we obtain finally

and, from Eq. (A.15),

2041\?
[TMAXs) =) (2:?1 1) (L0SA|TN) (51 M182 —Aa|s\)[JMUs) | (4.30)
ls

so that the recoupling coefficient between canonical and helicity states is given by

20+1
2J+1

<J’M’€S|JM)\1)\2> = ( ) (EOS)\L])\)(Sl)\lSQ _)\2|$)\)5JJ/6MM/ . (431)

The relation (4.30) may be inverted to give

[TMes) = " |TMMAs) (M Ao| M Us)

A1 A2
20+1\2
= Z( E_l— ) (EOS)\|J)\)($1)\182 —)\2|8)\)|JM)\1)\2> (432)
Wy 2J+1

4.4 Symmetry relations

The canonical states |JM/s) transform in a particularly simple manner under symmetry
operations (e.g. parity and time-reversal), and the derivation is also much simpler than
for helicity states. For this reason, we shall first investigate the consequences of symmetry
operations on the canonical states, and then obtain the corresponding relations for the states
|JM A A2) by using the relation (4.30).

We shall first start with the parity operation. Using the formula (3.9), we find easily

I|¢fmams) = mma|m + ¢, m — 0, myms) | (4.33)

where 7;(n2) is the intrinsic parity of particle 1(2). From the defining equation (4.9), we
then obtain immediately
I1|JMEs) = qna(—) | T MUs) (4.34)

12



so that the “/-s coupled” states are in an eigenstate of I with the eigenvalue n;m.(—)¢, a
well known result. Using the formula (4.30) and the symmetry relations of Clebsch-Gordan
coefficients, one finds for the helicity states

IT|JMMAg) = mma(—) 7172 JM —X\; —\g) . (4.35)

Again, the helicities reverse sign, as was the case for the single-particle states [see Eq. (3.11)].
Consequences of the time-reversal operation may be explored in a similar fashion. Using
Eq. (3.10), one finds immediately

T [p0mims) = (=) 7™ (=)™ + ¢, m — 0, —my — my) . (4.36)

Then, from Eq. (4.9),
T|JMls) = (=)' "M|J — Mts) (4.37)

and, from Eq. (4.30),
T [JMMA) = (=)"M|J — MMy . (4.38)

Now, we investigate the effects of symmetrization required when the particles 1 and 2
are identical. Regardless of whether the particles are bosons or fermions, the symmetrized
state may be written, for the canonical states

|JMUs), = as[1 + (=)**1 Pyy] | JMs) (4.39)

where Py is the particle-exchange operator and a4 is the normalization constant. Again,
using the defining equation (4.9), one obtains

Pro|JMUs) = (=) 5721 T MUs)
or
|JMUs), = a [1+ (=)*]|JMs) (4.40)

so that £ + s = even for a system of identical particles in an eigenstate of orbital angular
momentum ¢ and total spin s and as = 1/2. Now, the symmetrized helicity state may be
written

[TMAAs)s = ba(AAa)[1 + (=) Prg] [TMAN,) | (4.41)

where bs(A1A2) is the normalization constant. From Egs. (4.30) and (4.40), one finds
| TM A1 o) s = bs(MA2) {[TMA ) + (=) [TMIaA) } (4.42)
where by(A\y) = 1/4/2 for A\; # Ay and by(AXo) = 1/2 for A\; = \y. Note that, for a system

of identical particles, the symmetrized states in both canonical and helicity bases have the
same forms, regardless of whether the particles involved are fermions or bosons.
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5 Applications

We are now ready to apply results of the previous section to a few physical problems
of practical importance. As a first application, we shall write down the invariant transition
amplitude for two-body reactions and derive the partial-wave expansion formula. We do this
in the helicity basis, following the derivation given in the “classic” paper by Jacob and Wick
[14]. Our main purpose in this exercise is to show how the particular normalization (2.20)
of single-particle states influences the precise definition of the invariant amplitudes and the
corresponding cross-section formula (see Appendix B).

Next, we shall discuss the general two-body decays of resonances and give the symmetry
relations satisfied by the decay amplitude, as well as the coupling formula which connects the
helicity decay amplitude to the partial-wave amplitudes. Finally, we take up the discussion of
the spin density matrices, introduce the multipole parameters, and then expand the angular
distribution for two-body decays in terms of the multipole parameters.

5.1 S-matrix for two-body reactions

Let us denote a two-body reaction by
a+b—c+d (5.1)

with Py, Sq, Aa, and 7, standing for the momentum, spin, helicity, and the intrinsic parity
of the particle a, etc. Let wy denote the centre-of-mass (c.m.) energy and let p;(py) be the
c.m. momentum of the particle a(c). The invariant S-matrix element for the reaction (5.1)
may be written, in the over-all c.m. system,

<ﬁc)\c; ﬁd)\d|5|ﬁa)\a; ﬁb)\b> - <ﬁf)\cv _ﬁf)\d|5|p;)\a7 _25;)\9
= (47) 22 (AN S|00AN,) (5.2)

flri

where we have used Eq. (4.11) with the normalization constant as given in Eq. (4.19), and
we have fixed the direction p; at the spherical angles (0,0) and py at Qo = (6o, ¢o). Because
of the invariant normalization (2.20) of the one-particle states, the absolute square of the
amplitude (5.2) summed over the helicities \,, Ay, etc., is a Lorentz invariant quantity. It
is in this sense that formula (5.2) is referred to as the “invariant S matrix”. Due to the
energy-momentum conservation, one may write

(Q0AeAd|S|00A ) = (27) 0™ (pe + pa — Pa — ) (QoAAa] S (wo)[00AN) - (5.3)

If we define the T operator via S = 1+ ¢T, it is clear that we may write down the
T-matrix in the same way as in formulae (5.2) and (5.3), simply replacing S by 7. Now, the
invariant transition amplitude My; is defined from the 7" matrix by

(27m)* 6™ (Do + Pa — Pa — Db) M i = (DeAe; Para|T[Pada; PoNo) (5.4)

or
Wo

My; = (4m)?
\/PfDi

(QoAcAa| T (wo)|00AAs) - (5.5)
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The differential cross-section for fixed helicities is related to the transition amplitude by
Ao _pr | My |
dQy  p; |8mwg
which has been obtained using Egs. (B.2), (B.3), and (B.6).

Let us now expand the transition amplitude in terms of the partial-wave amplitudes:

<Q0)\C)\d|T(wo) |00)\a)\b> = Z(QO)\C)\d|JM)\C)\d> <JM)\C)\d|T('LU0) | JM)\G)\b>
JM

(5.6)

X (T M AgAp|00 A\
1
_ EZ@J—#—1)<>\c)\d\TJ(w0)|)\a>\b)D§;’f(q§0,«90,0), (5.7)
J

where A = A\, — Ny and N = A\, — A\,
If we define the “scattering amplitude” f(€)y) via

d
T, = f@)P (5.8)
we obtain N
o) = L (5.9)

This formula then relates to the “non-relativistic” scattering amplitude f(€) to the Lorentz
invariant transition amplitude My;. From Eqs. (5.5) and (5.7), one sees immediately that

1 1
f(Q) = o Z (J + 5) M| T (wo)| AaAs) D33 (0, 00, 0) (5.10)
L
The partial-wave T-matrix appearing in Eq. (5.10) is related to the partial-wave S-matrix
by
<>\c)\d‘SJ(w0)‘)\a)\b> = 5fi6>\c)\a5)\d)\b -+ Z<)\c)\d‘TJ(w)|>\a>\b> y (511)

where d4; = 1 for elastic scattering and zero, otherwise.

If parity is conserved in the process (5.1), it follows from Eq. (4.35) that the partial-wave
amplitude given by Eq. (5.11) should satisfy the following symmetry relation:

(=X — Al S (wo)| — Aa — M) = 1 (AeAal S (wo)| AaNs) (5.12)
where
— nc_nd(_)sc-l—sd—sa—sb .
Na™o

Next, we examine the consequences of time-reversal invariance. Let us denote by |i) and
| f) the initial and final system in a scattering process. Then, the time-reversed process takes
the initial state |T'f) into the final state |T'), so that time-reversal invariance implies the
following relation for the S-matrix:

(fISl5) = (Ti[S|Tf) . (5.13)
Using Eq. (4.38), one finds immediately
(AcAal S (wo)[Aas) = (AaXo|S7 (wo)[AcAa) (5.14)

where the right-hand side refers to the process ¢ +d — a + b.
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5.2 Two-body decays

Let us consider a resonance of spin-parity J” and mass w (to be called the resonance J),
decaying into a two-particle system with particles 1 and 2:

J—1+2, (5.15)

and let s1(s2) and 1;(72) denote the spin and intrinsic parity of the particle 1(2). In the rest
frame of the resonance J(JRF), let p’be the momentum of the particle 1 with the spherical
angles given by Q = (0, ¢). Then, the amplitude A describing the decay of spin J with the
z-component M into two particles with helicities A; and Ay may be written

A = (PAi; —pro|M|JM)

1

— 4 (%) (GON Na| T MM A) (T M A o | M| T M)
= NyF{L,DiA(6,0,0),  A=XM—Xy, (5.16)

where one has used the formulae (4.19), (4.24), and (4.25). The “helicity decay amplitude”
F'is given by

Fl,, =4r (9) (TMMAo| M| TM) . (5.17)
p

Since M is a rotational invariant, the helicity amplitude F' can depend only on the rotation-
ally invariant quantities, namely, J, A1, and .

It is easy to expand the helicity decay amplitude F' in terms of the partial-wave ampli-
tudes. Using the recoupling coefficient (4.31), we may write

(TMANMIIM) =3 (TMMXo|TMEs) (T MEs|M|TM)
ls

2W1\?2
_ Z( £t ) (C0SA[JA) (51 A1 82 —Aals\) (JMLs| M| JM)
2751

so that F' may be expressed

26412
FAJMZ - Z (m) ak]s (C0sA[JN) (51M282 —A2[sA) (5.18)
Us

where the partial-wave amplitude ay, is defined by

e (%) C(TMLs| M| TM) | (5.19)

The normalizations have a simple relationship

YL = ek (5.194)
ls

A1 A2
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If parity is conserved in the decay, we have, from Eq. (4.35),

Fj):]l)\2 e nn1772(_)J—81_52F;])\1_)\2 5 (520)

where 7; and 7 are the intrinsic parities of the particles 1 and 2. If the particles 1 and 2
are identical, we have to replace the state |JM A1) in Eq. (5.17) by the symmetrized state
of Eq. (4.42), so that we obtain the following symmetry relation:

Fl, =)FL, (5.21)

It is possible to obtain a further symmetry relation on F' by considering the time-reversal
operations. For the purpose, let us consider the elastic scattering of particles 1 and 2 in the
angular momentum state |JMA; ), i.e.

(TMNN|T (w)| MM o) = (NN T (w) [ A Aa) (5.22)

where w is the c.m. energy and coincides with the effective mass of the resonance J. Now,
we make the assumption that the J'™ partial wave for the elastic scattering of particles 1
and 2 is completely dominated by the resonance at the c.m. energy w (see Fig. 1.2).

A
A | J M)
Ao mass = w Ay

Figure 1.2: Elastic scattering of particles 1 and 2, mediated by a resonance J in the s-channel.

Then, we may write

T(w) ~ Y  M|JM)D(w) (MM,

where D(w) is the Breit-Wigner function for the resonance and M is the “decay operator”
of Eq. (5.17). Substituting this into Eq. (5.22), we obtain

(NN T (w)[Arz) ~ D(w)F 5, FX3,
so that time-reversal invariance for elastic scattering implies, from Egs. (5.11) and (5.14),
F FXS, = FRo Fi - (5.23)

This means that the phase of the complex amplitude F' does not depend on the helicities \;
and \y. Therefore, we can consider F' a real quantity without loss of generality:

Fy,, =real. (5.24)
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We emphasize that this result follows only from the assumption that the J*™ partial wave
is dominated by the resonance J at the energy w. This condition is fulfilled, for example, in
the P-wave amplitudes of the 777~ or pr™ elastic scattering at the c.m. energies correspond-
ing to p° and A(1232) masses, where it is known that these resonances saturate the unitarity
limit. It is clear, however, that this condition may not be satisfied for all resonances. In this
sense, the relations (5.23) or (5.24) may be considered only an “approximate” symmetry.
We will show later in the discussion of the sequential decay modes that the symmetry (5.23)
can actually be tested experimentally.

Before we proceed to a discussion of the angular distribution resulting from the decay
of a resonance of spin J, it is necessary to construct the corresponding spin density matrix,
which carries the information on how the resonance has actually been produced.

5.3 Density matrix and angular distribution

Let us consider the production and decay of a resonance J given by
a+b—c+J J—=>1+2. (5.25)

We shall use for this process the same notations, wherever possible, as those of Sections 5.1
and 5.2. Note, however, that the helicity corresponding to the resonance J is denoted by A,
and w is the effective mass of the particles 1 and 2. The over-all transition amplitude My,
may be written, combining Eqs. (5.5) and (5.16),

Myi 3 (5 Mol MITAYFAA|T (wo) 5N As) (5.26)
A

The differential cross-section in the JRF decay angles Q@ = (6, ¢) may be expressed, after
summing over all other variables except (2,

do
@ ~ /dQO dwk () 3 [Myf? (5.27)

where K (w) is a factor which includes all the quantities dependent on w, such as the phase
space factor [see Eq. (B.8)] and the square of the Breit-Wigner function D(w) of the resonance
J.

Next, we introduce the spin density matrix corresponding to the resonance J:

Py ~ / 0% S FAMT @) [Fdads) X FAAT o) [FdN) (5.28)

where the summation sign denotes the sum over \,, Ay, and .. Then, from expressions
(5.26) and (5.27),

d — ! —

@~ / dw K (1) 3 (7 Mdol MITA) pl (TN M [ N) (5.29)
AN’
A1 )2
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One sometimes defines the density matrix by

pl =D 1IN R (TN (5.30)

AN

Then,

d o .
% ~ /dw K(w) Z(p Mo Mp? MIP A As)

A1A2

At this point, we introduce a simplifying assumption that py,, is independent of w over
the width of the resonance J. This assumption makes the resulting formalism much simpler.
It can be shown that a more general formalism without this simplifying assumption leads to
identical results in most cases [see Chung[15]]. We shall come back to this point later, when
we discuss the sequential decay modes.

Now, we can absorb the integration over dw into the decay amplitude F', and define

B~ [ dw K@) (531

We emphasize that F' is in general a complicated function of w. If the partial-wave amplitude
is proportional to p‘, we see from Eq. (5.18) that F is a function of w in a way that makes
it impossible to “split oft” a helicity-independent function of w from F'.

Combining expressions (5.16), (5.29), and (5.31), we obtain the explicit expression for
the differential cross-section (A = A\; — \p)

do 2 AN g Tk J
0" N7 Z Mg panDix (9,0, 0)g>\1)\2 : (5.32)

Let us denote by (2) the normalized angular distribution, i.e.

/ dOTQ) =1, (5.33)

Then, we may write

1) = (2J+1)

Z P DAx (6,6,0) D5 (¢, 0 0)9A1A2 : (5.34)

AN
A1A2

I(Q2) is a normalized distribution, if we impose:
J o _
Y pia=1 (5.35)
A

and

Y B =1. (5.36)

A1A2

Note that () is real, as it should be. This can be shown easily by using the fact that the
density matrix is Hermitian by definition [see Eq. (5.28)].
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Next, we turn to a discussion of the symmetry relations for pfl,, coming from parity
conservation in the production process. We fix the production coordinate system such that
the reaction a4+ b — c+ J takes place in the z-z plane. Consequences of parity conservation
may now be investigated using the reflection operator through the y-axis:

I, = e~y (5.37)

It is clear that this operator commutes with any operator representing a rotation around the
y-axis:

[Hy, U[Ry]] ~0. (5.38)

In addition, it will commute with any operator representing a boost in the x-z plane:
11, U[L(R )] =0, (5.30)

where the momentum K lies in the z-z plane.
It is now easy to see that the II, acting on the T-matrix in Eq. (5.28) will leave the
momenta py and p; unchanged and act directly on the rest states:

IL,[s:A;) = mi(—)* Vs =\i) (5.40)

where the index ¢ stands for the particles a, b, ¢, or J. substituting Eq. (5.40) into Eq. (5.28),
one obtains the result

Pha = (M plan (5.41)
Note that, owing to the relation (5.39), the density matrix defined in the canonical basis
instead of the helicity basis will satisfy the same symmetry relation as in Eq. (5.41). In
fact, expression (5.38) implies that the symmetry given in Eq. (5.41) is true as long as the
quantization axis remains in the production plane.

We shall derive another symmetry relation applicable to the density matrix defined in
the canonical basis. The canonical density matrix is, of course, obtained by replacing \; in
Eq. (5.28) by m;, the z-component of the spin s; in the canonical description. Suppose now
that the production process a + b — ¢ + J takes place in the z-y plane. It is convenient, in
this case, to define a reflection operator through the z-axis:

I, = e ™/ (5.42)
Note that, in analogy to expression (5.39),
1L, UIL(@)]| =0, (5.43)

where the momentum ¢ lies in the x-y plane.
Therefore, the II, acting on the T-matrix in Eq. (5.28) leaves the momenta py and p; in
peace, while the I, acting on the rest states |s;m;) brings out a phase factor

I1.|s;m;) = mie™ ™" [ s;my) . (5.44)
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Now, the resulting symmetry relation can be written down easily:

T = ()"l (5.45)

Prm!

where m is the z-component of spin J in the canonical basis. The relation (5.45) implies
that p;/ , = 0 if m —m’ is odd; this symmetry is known as Capps’ checker-board theorem
[10].

We are now ready to examine the implications of parity conservation in the angular
distribution given by Eq. (5.34). For the purpose, we choose the Jackson frame for the
resonance J, i.e. the z-axis along the direction pj, and the y-axis along the production normal
in the JRF. Applying the symmetry (5.41) and the formula (A.12) for the D-functions to
the angular distribution (5.34), we obtain

1(0,6) = I(r — 0,7 — ¢) . (5.46)

This is then the general symmetry relation applicable if the quantization axis is in the
production plane, regardless of whether the parity is conserved in the decay process.

Integrating over the angle ¢m the angular distribution is seen to satisfy: I;(0) = I1(r—6).
So, if the distribution 7; () is a polynomial in cos 6, only the terms with even powers of cos
contribute. If we integrate over the angle 6, Eq. (5.46) implies the symmetry: Iy(¢) =
Iy(m — ¢). Note that I(¢) is simply the distribution in the Treiman-Yang angle in the
Jackson frame. So, parity conservation in the production process means that the Treiman-
Yang angle is symmetric around ¢ = 7/2. Then, choosing the interval of ¢ between —m /2
and 37/2, we may fold the distribution in ¢ about 7/2 and consider only the interval between
—m/2 and +m/2.

If parity is conserved in the decay of the resonance J, we have the additional symmetry,
owing to the relations (5.20) and (A.12),

10,¢) = I(m— 6,7+ ¢) . (5.47)

Note that this symmetry is valid, independent of the choice of the quantization axis in the
JRF, simply because Eq. (5.47) has been obtained without the use of the symmetry relations
of the density matrix. Note also that, if the particles 1 and 2 are identical, we obtain exactly
the same symmetry (5.47).

Integrating Eq. (5.47) over the angle 6, we obtain the symmetry: I3(¢) = I3(m+ ¢). This
means that the distribution in ¢ should be symmetric around ¢ = 0, so that the Treiman-
Yang angle distribution in the interval between —m /2 and 4+ /2 may be folded again around
¢ = 0 to give a distribution between 0 and /2. Therefore, if parity is conserved both
in the production and decay, one may fold the Treiman-Yang angle distribution twice in an
appropriate way, and consider only the interval between 0 and /2, without loss of generality.

5.4 Multipole parameters

Our next task is to define the multipole parameters and expand the angular distribution
in these parameters. We shall first define the spherical tensor operators:

Tpn = Y |JAYJNLM|TA)(JN| . (5.48)

AN
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Using the formula (A.15), we see immediately that under rotations these operators transform
according to

U[RITaUT[R] = Diong (R) T - (5.49)

Now, we define the multipole parameter ¢7 ,, for the resonance J as the expectation value
of the tensor operators T, i.e.

ti = tri{p’Toar} (5.50)

where p” is the density matrix as defined in Eq. (5.30). From Eq. (5.48), we see immediately
that

AN
or, by inverting this,
2L +1
PRy = (m) t1 ¥ (JNLM|JA) . (5.52)
LM

Then, the density matrix, as defined in Eq. (5.30), may be expressed as
2L+1
J J *
= E — )ty T 5.53
P LM(2J+1) LML (5.53)

so that ¢ is simply the coefficient in the expansion of p’ in terms of T y;.
From the normalization (5.35), we see that the multipole parameters are normalized so
that Ty, = 1, while the hermiticity of the density matrix implies
t{/M - (_)Mt{jM : (5.54)

Note also that t/,, = 0 if L > 2J, as is clear from Eq. (5.51). If the z-axis of the JRF lies
in the production plane, we have from Eq. (5.41),

toar = (=) Mt (5.55)
or, by combining with Eq. (5.54),
tiar = (=) tiar - (5.56)

On the other hand, if the z-axis of the JRF is along the production normal, we obtain from
Eq. (5.45),
tiy =0, for odd M . (5.57)

Let us remark at this point that the ¢/,,’s may not in general assume arbitrary values
but are constrained to a certain physical domain resulting from the positivity of the density
matrix and the Eberhard-Good theorem, where applicable. The reader is referred to Jackson
[10] and Byers [16] for simple expressions for the lower and upper bounds of ¢{,,; for more
elaborate considerations, see Ademollo, Gatto and Preparata [17], and Minnaert [18].
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Next, we introduce what we shall call the “moments”; they are the experimental averages
of the D-functions:

_ / 40 1(Q) Dy (6,6,0) | (5.58)

Note that H(00) = 1 from Eq. (5.33). Using Egs. (5.34), (5.51), and (A.16), we find that
the moments H (LM ) may be expressed as

H(LM) =ty f7 . (5.59)

where

F1=" gl (JALOLIN), A= Ap — X (5.60)
A1 A2

and f7 = 1 from Eq. (5.36). So the moment H(LM) is in general given by a product of
two terms; the first term ¢7 ), contains the information on how the resonance J is produced,
while the second term f; carries the information on the decay of the resonance.

If parity is conserved in the decay, it follows from Eq. (5.20) and the symmetry of the
Clebsch-Gordan coefficients that fi satisfies the symmetry

fg =0, for odd L . (5.61)

Note that the same symmetry holds if the two decay products are identical. It is now a
simple matter to find the symmetry relations of H(LM); it enjoys all the symmetries that
are satisfied by both ¢/, and f{.

The angular distribution has a simple expansion in terms of the moments:

1(9)=%" (2L4+ 1) H(LM)DYE(6,0,0) (5.62)

7
LM

where the sum on L extends from 0 to 2J. Again, owing to the symmetry (5.54), the angular
distribution 7(€2) is real. For parity-conserving decays, L takes on only the even values in
the sum.

6 Three-Particle Systems

A system consisting of three particles may be treated most elegantly in the helicity basis,
as was done by Berman and Jacob [19] [for an alternative approach, see Wick [20]]. In
this section, we shall first construct a three-particle system in a definite angular momentum
state and then apply the formalism to a case of a resonance decaying into three particles.
We will give the decay angular distribution in terms of the spin density matrix and discuss
the implications of parity conservation. Finally, we will show that in a Dalitz plot analysis
different spin-parity states of the three-particle system do not interfere with one another.

Consider a system of three particles 1, 2, and 3. Let us use the notations s;, n;, A;, and
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w; for the spin, intrinsic parity, helicity, and mass of the particle i. In the rest frame (r.f.)
of the three particles, the momentum and energy of the particle ¢ will be denoted by p; and
E;. In the r.f., we define the “standard orientation” of the three-particle system, as shown
in Fig. 1.3. this coordinate system is then the “body-fixed” coordinate system, which may
be rotated by the Euler angles «, 3, and v to obtain a system with arbitrary orientation.

—

P3

Figure 1.3: Standard orientation of the three-particle rest system. Note that the y-axis is defined
along the negative direction of p3, and the z-axis along pi X po.

A system with the standard orientation can be written
3
1000, i) = b [ ] 15: sidi) (6.1)
i=1

where b is a normalization constant and the helicity basis vectors for each individual particle
are given in the usual way [see Eq. (2.16)]:

P sihi) = UIR; L. (pi)] [siAi) (6.2)

with
R; = R(¢;,7/2,0) . (6.3)

A three-particle system with an arbitrary orientation in the r.f. can now be obtained by
applying a rotation R(«, f3,7) to the state (6.1):

If we impose the normalization of the above states via

(2

(o'BY, EXN|apy, E\i) = 0P (R — R)6(E; — Ey) 0(Ey — Ea) [ [ o, (6.5)
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we obtain easily (see Appendix C) that the normalization constant b should be chosen as

follows:
bl =8n?V4r . (6.6)

Let us now define a state of definite angular momentum:
Ny
Var

where N is the normalization constant as given in Eq. (4.22). That this state represents a
state of definite angular momentum is easy to show following steps identical to those which
led to the relation (4.13). Therefore,states (6.7) transform under a rotation R’ according to

[IMp, Eii) = dR Dy, (e, B,7)|aBy, EXi) | (6.7)

UR]|JMpu, Eidiy = Dy (R TM 1, EiNi) (6.8)
M/

This relation also shows that, in addition to the obvious invariants F; and \;, the quantity
1 is also a rotational invariant.

The physical meaning of 1 may be investigated as follows. Let 7 be a unit vector parallel
to the body-fixed z-axis, which coincides with the direction p; X ps in the standard orientation.
Now, the integration over dv in Eq. (6.7) involves:

/dv ei”ye_"fﬁﬂOOO,Ei)\i) :

We see that this integration has the effect of picking out from the state |000, £;\;) an
cigenstate of J - i with the eigenvalue p. Then the subsequent rotation by R(af7) [see
Eq. (6.4)] makes p the eigenvalue of J -7t with 7 along the body-fixed z-axis. It now becomes
obvious why u is rotationally invariant; it is the z-component of angular momentum whose
quantization axis itself rotates under a rotation of the system.

Let us examine the transformation property of the state (6.7) under parity operations.

Since the parity commutes with rotations, we may apply the parity operator [] on the state
(6.1):

1000, BNy = b][TR:. piside)

= bH mie” " Ry, piy 50 —\i)

- {H n} UIR(x.0,0)] (000, B; -\, (6.9)

where, from Eq. (3.11),
R; = R(1 + ¢4,7/2,0) = R(7,0,0)R;
so that
I|aBy, B\ {H e —mz} R(a, B, + )] 000, E; —\;) . (6.10)
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Using this relation in Eq. (6.7) and changing the integration over 7 into one over 7' + v+,
we obtain finally

H|JM,M, Ez)\z> = 7]17]27]3(—)81+82+83_“‘JM,U/, Ez _>\2> . (611)

We note that this formula is not the same as that given in Berman and Jacob [19]. The reason
for this is that their definition of one-particle helicity states involves a rotation R(¢, 0, —¢),
instead of our convention R(¢,6,0) [see Eq. (2.16)].

In order to treat the case when two of the three particles are identical, we shall work out
a transformation formula for exchanging the particles 1 and 2. The exchange operator Py,
applied to the state (6.4) is equivalent to performing a rotation by 7 around the body-fixed
y-axis [see Fig. 1.3]:

Pio|afy, ExAi, Eadg, Es)s) = |+ o, m — 3,7 — 7, EaAg, E1 )y, Es)s) | (6.12)

where one has used the formula (A.10). Combining this formula with formula (6.7) and
using Eq. (A.11),

P12|JM,U, El)\la Eg)\g, Eg)\3> = (—)J+M|JM —,u, Eg)\g, El)\la Eg)\3> . (613)

Again, this formula is not the same as that given in Berman and Jacob [19]. This arises
because their standard orientation for the three-particle system has been defined differently
from our convention; their coordinate system has been set up with the negative z-axis along
the momentum ps.

From Eqgs. (6.5) and ( refeq6.7), we find that our angular momentum states are normal-
ized according to

<J'M'mu'EZ')\;|JMuEZ)\Z) = 5JJ/5MM/5MM/5(E1 — El)é(Eg — Eg) H (S)\Z.)\; . (614)
The completeness relation is given by
> / | I MuENYAE dEy(JMpEN| = 1T . (6.15)
JM
[2%Y;

From Egs. (6.5) and (6.7), we obtain the matrix element

I/ N / /
(afBy, EIN|TMu, E\) = ¢—2J7Dm(a’ B,7)6(E; — E1)0(Ey — E) H Sain - (6.16)
1

We are now ready to discuss the process in which a resonance J with spin-parity n and
mass w decays into three particles 1, 2, and 3. In the rest frame of the resonance (JRF), let

the angles (a, 3,7) describe the orientation of the three-particle system. Then, the decay
amplitude may be written

A = (aBy, EiNi|M|JM)
Ny

= EFMJ (EiXi) Dy, (ap) (6.17)
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after using formulae (6.15) and (6.16). If the “decay operator” M is rotationally invariant,
the decay amplitude F' should depend only on the rotational invariants, i.e.

If parity is conserved in the decay, we have the symmetry from Eq. (6.11):
FI(EiXN) = nmnans(=)" 2 F (B =X) (6.19)
And, if particles 1 and 2 are identical,
F;(El)\l, Eg)\g, Eg)\g) == :l:(—)J—huFi]u(Eg)\Q, El)\la Eg)\g) y (620)

where the plus sign holds for two identical bosons and the minus sign for fermions.
Let us assume that the resonance J is produced in the following process:

a+b—c+J, J—=>14+2+3. (6.21)

In analogy to the two-body decays, we introduce the density matrix for the resonance J,
and assume as before that it is independent of w, the resonance mass. From Eq. (6.17), we
may write the differential cross-section as

do 2J+1
m’v( 872 ) > Pt DA (R) Dy (R) x K(w) > FIF.* . (6.22)

MM’ A
pp!
where R = R(«, 3,7) is the rotation specifying the orientation of the three-particle system
in the JRF, and K (w) is the kinematic factor which contains, among others, the phase space
factors [see formula (B.11)].
If we integrate over dvy, dF1, dE>, and dw, we obtain the angular distribution in Q = (6, ¢)
describing the direction of the normal to the decay plane:

Q) = (2‘]“) S 3 DI6,0,0)9 (6.23)

MM n

where

g = [ dwdB dE K (w) 3 [FHEMP (6.24)
A

Note that I(Q) is properly normalized, if we require that ¥y p5,,, = 1 and ¥,g7 = 1.
If the z-axis in the JRF is fixed to be i the production plane, we obtain the symmetry,
following the same argument as that for the two-body decays,

10,0) =1(r+ 0,7 — ¢) . (6.25)

This is identical to formula (5.46). So, in the Jackson frame, the distribution in the Treiman-
Yang angle may be folded around 7 /2, and one may consider only the interval between —m /2
and +m/2.
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The distribution (£2) for three-particle decays is different in one important aspect from
that for two-body decays: the parity conservation in the decay process does not in general
lead to any additional symmetry in 1(2), as g; remains invariant under parity [see Egs. (6.19)
and (6.24)]. One important exception occurs in the case of the decay w — 3w. The parity
conservation implies from Eq. (6.19) that g}, = 0 with only one non-zero component gJ, so
that the resulting angular distribution is identical to a two-body decay, i.e. p — 27 [compare
expressions (5.34) and (6.23)]. In this case, then, we have the additional symmetry given by
Eq. (5.47).

It is possible to obtain an additional symmetry, if the particles 1 and 2 are identical.
From formulae (6.20) and (6.24), we see that g/ = g7 , in this case. Then, using expressions
(6.23) and (A.12), we get

10,0) =1(r — 0,7+ ) (6.26)

identical to Eq. (5.47) for two-body decays. Following the same argument in Section 5.3, we
conclude that the Treiman-Yang angle distribution can be confined to the interval between
0 and +7/2.

The angular distribution of Eq. (6.23) may be expanded in terms of the moments H (LM )
in the same way as in Section 5.4. The relations (5.58), (5.59), and (5.62) remain the same,
and the f{ of Eq. (5.60) is now given by

L= g/(JuLolJp) . (6.27)

If the particles 1 and 2 are identical f{ = 0 for odd L, as was the case for the two-body
decays.

As a final item to be discussed in this section, we shall show that, in a Dalitz plot
analysis, two different spin-parity states do not interfere with each other. Suppose that in
a reaction two resonances are produced with spins J; and Js, each of which in turn decays
into a common set of three particles. The over-all amplitude may be written

mpi~ Y Ti(M)D3* (R)YF(EiN) + Y To(My) Dy

Map2
M py Ma iz

(R)E2(EiN) - (6.28)

where T;(M) is the production amplitude. If J; # J,, the Dalitz plot distribution is given
by
do

JedpdE, ~ 2 [BOMELE+ 37 T Ff (6.20)

Mypa X Mapa g
after integrating over dR. This shows that, if one integrates over the orientation of the
three-particle system, states of two different spins do not interfere due to the orthogonality
of the D-functions.
Suppose now that the spins are the same but the parities of the two resonances are
opposite, Again, integrating over dR, one obtains

do

dwdErdE, > ITM)E] + To(M)E]? | (6.30)

Mpu;
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where F indicates a decay amplitude of opposite parity to that of F. Applying the symmetry
(6.19) from parity conservation, one may rewrite expression (6.30) with a minus sign in
front of the second term, which means that the interference term is identically zero, again
obtaining the result (6.29). In conclusion, we may state that, as long as one integrates over
the orientation of the three particle system and sums over the helicities of the final particles,
states of different spin-parity do not interfere with one another in a Dalitz-plot analysis.

7 Sequential Decays

If a resonance decays in two steps, each consisting of a two-body decay, then the moments
obtained from the joint decay distribution provide a powerful means of determining the spin
and parity of the parent resonance. In this section we shall develop a general formalism for
the sequential decay, J — s+ 0, s — s; + 0, where the spins J, s and s; are arbitrary,
and illustrate the formalism with a few simple but, i practice, important examples, namely
¥(1385) — A+m, A(1950) — A(1232) +m, b1(1235) — 7™+ w, and m(1670) — 7+ f5(1270).

It is possible to use for the spin-parity analysis two-particle states constructed from the
canonical basis vectors, as was done by Ademollo and Gatto [21] and Ademollo, Gatto and
Preparata [22]. We shall adopt, however, the helicity formalism in this section, for it not
only involves simpler algebra but also brings out certain salient features in the problem, not
quite transparent within the canonical formalism. The helicity formalism was first used by
Byers and Fenster [23], who treated the case of a resonance decaying into a A + 7 system
with A — p + 7~. Their method has been successfully employed [24] to determine the spin
and parity of Z(1530) ad ¥(1385). Button-Shafer [25] later has extended the method to
treat a fermion resonance decaying into a pins-3/2 baryon and a pion, and Chung[15] has
applied the technique to treat a boson resonance into two intermediate bosons with spin,
each of which in turn decays into two or three spinless particles. Ascoli et al. [26] have used
a formalism very similar to that of Chung in their spin-parity analysis of the b;(1235) meson.
Berman and Jacob [27] have also given a similar formalism treating both the fermion and
boson resonances. Donohue [28], on the other hand, treats the problem of analyzing a boson
resonance decaying into a fermion and an anti-fermion (see also Ref. [22]).

Let us suppose that a resonance of unknown spin-parity J7 with mass w is produced and
decays via the following chain of processes:

a+b — c+J
J = s+m (7.1)
s — 81+ mo,

where 7y or 7y stands for pion and J, s, and s; designate the parent, intermediate, and final
particles, as well as their spin. Let n,, A, and w; (11, A1, and w;) denote the parity, helicity
and mass of the particle s (s1). In the rest frame of J (s), denoted by JRF (sRF), let P
(p1) and €2 (€2;) be the magnitude and direction of the s (s;) momentum measured in the
helicity coordinate system as shown in Fig. 1.1b.

Although the sRF should always be described by the helicity coordinate system, which
is related to the JRF as illustrated in Fig. 1.1b, the coordinate axes specifying the JRF
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need not be those of the helicity system with respect to the production coordinate axes; the
JRF can just as well be described by the Jackson coordinate system, or the one with the
z-axis along the production normal (see Section 5.3). For concreteness, however, we shall
use the helicity coordinate system for the JRF, and use the symbol A for the helicity of the
resonance .J, bearing in mind that we are at liberty to choose any coordinate system we wish
for the JRF.

The over-all invariant amplitude for the process (7.1) may be written

Mg ~ (Qysi A [ M|sA) (QsSAIM | TA) (FrAA|T (wo) |PAaNs) (7.2)

where the first and the second factor describe the s and J decay, respectively, and the third
factor is the production amplitude for the J with helicity A. This production amplitude is
identical to that given in (5.26).

As in Section 5.3, we make the simplifying assumption that the J production amplitude
is independent of w. Then, the spin density matrix for the J as given in Eq. (5.28) is a
constant and can safely be normalized according to Eq. (5.35). The decay amplitudes in
Eq. (7.2) are given, according to Eq. (5.16), by

and
<lel>\1|M5|S>\> = NSF)L; Di;\kl (¢17 917 O) ) (74)

where Q = (0, ¢) and €y = (01, ¢1). In analogy to Eq. (5.31), we shall introduce the following
symbols to describe the bilinear products of the helicity amplitudes:

9y = /dwdwsK(w,ws)F){F/{,* (7.5)

and
g5, = 1FR 17 (7.6)

where K (w,ws) includes all the functions of w or ws, such as the squares of Breit-Wigner
functions for the particles J and s and the phase-space factors [see Eq. (B.10)].

We emphasize that any dependence of w; in the helicity amplitude Fy, has been factored
out and absorbed into K (w,ws), so that g3 can be considered constant. As pointed out in
Section 5.3, this is not in general possible. However, with the examples we consider here,
this is an excellent approximation: if the intermediate resonance s is A(1115), the helicity
amplitude F is clearly a constant, owing to the narrow width of the A; if the s is A(1232),
Fy, may be assumed to be proportional to p;, owing to the p-wave nature of the decay, and
the p? factor may then be absorbed into K (w,w;).

Now, we are ready to write down the joint angular distribution in Q and €2;:

2J+1 25 +1 s
1(Q,0) = Z PZ(A/ gAJ)\’ In
AT AT = 7
AN Aq ( : )
x D33 () Do (D55, (1) D3y, (1)
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where we have used the shorthand notation:
J Y
Dum(Q) - Dum(¢> 97 0) . (78)

We shall adopt the following normalizations for the g¢’s:
ZQ,\J,\ =1 (7.9)
A
g =1, (7.10)
A1
so that the joint angular distribution is normalized according to
/dQ dWI(Q,Q) =1 (7.11)

with the trace of p’ equal to 1 as given in Eq. (5.35).
Let us now introduce the joint “moments”, which are the experimental averages of the
product of two D-functions:

H(tmLM) = (D}, () Dy, (1)) (7.12)

with the normalization,
H(0000) = 1. (7.13)

Then the moments are given by
H({mLM) = / dQd, 1(9Q,Q,) DY (Q)D! ,(Q1) . (7.14)
Using Egs. (7.7) and (A.16), we find that the H’s may be expressed as:

H(tmLM) = t13; fin f7 . (7.15)

where t{; is the multipole parameter as given in Eqs. (5.51), and the f’s are related to the
g's by

i = 3 G (IX L] IA)(sX'fm]s)) (7.16)
AN
and
£2=" g5, (sAl0]sA) (7.17)
A1

with the normalizations given by
w="r=1 (7.18)

The expression (7.15) displays neatly how the moments H depend on the resonances .J
and s. The H’s are in general a product of three factors; the first one carries the informa-
tion on how the resonance J has been produced, while the second (third) one contains the
information on the decay of the resonance J (resonance s).
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Let us turn to a discussion of the symmetry relations satisfied by the f’s. For this purpose,
we first recall that parity conservation in the decay implies, according to Eq. (5.20),

Fl =eF’,,  e=mm(=)"" (7.19)

and
Fy =eF%,, es=nm(=) (7.20)

so that we have the conditions
Giv =gl =egin =gl v (7.21a)
Also, if time-reversal invariance is applicable, we should have [see Eq. (5.24)],
gl =~ real (7.21b)

where the symbol ~ reminds us that this symmetry may not hold in all cases. From
Eq. (7.20),
Ian =92, - (7.22)
In addition, by the definition (7.5),
I = G5 - (7.23)
Now, the symmetry relations on the f’s can be derived easily using the definition (7.16)
and Eq. (7.23),

JL = (7.24a)

—m — Hm
From parity conservation [using Eq. (7.21a)]

= ()T (7.240)

m

Or, by combining the above two relations,

i = ()T o™ (7.24c)
From Eq. (7.21b),
o~ real (7.24d)
or, from Eq. (7.24¢),
g;f ~ 0, forodd (¢ + L) . (7.24e)
If the s decay is parity-conserving, one has
fi =0, for odd ¢ . (7.25)

The symmetry relations on the H’s are readily derived, once the symmetry relations on
the multipole parameters and on the two f’s are known. Firs of all, from the definition (7.12)
and Eq. (A.9), we have

H*(émLM) = (—)MH({ —m L —M) . (7.26a)
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Also, from the definitions (5.51), (7.16) and (7.17),
H({mLM) =0, if ¢ >2so0r L>2J. (7.26b)
From parity conservation in the J decay, using Eq. (7.24b),
H(tmLM) = (=)"tH({ —mLM) . (7.26¢)
If the s decay is parity-conserving, from Eq. (7.25),
H({mLM) =0, for odd ¢ . (7.26d)

If the argument for time-reversal invariance as given in Section 5.2 is applicable, from
Eq. (7.24e),

H(mLM) ~0, for odd (¢ + L) (7.26¢)

Finally, parity conservation in the production process leads to the following additional sym-
metry. If the JRF z-axis is in the production plane, from Eq. (5.55),

H(tmLM) = (=)""MH({mL —M) . (7.26f)
If the z-axis is along the production normal,
H({mLM) =0, for odd M . (7.269)

For the spin-parity analysis, it turns out to be useful to invert Eq. (7.16) using the
orthonormality of the Clebsch-Gordan coefficients:

20+1
J / _ JL( o\
G (JNLm|JN) = % <23 " 1) i (SN Um|sA) . (7.27)

Multiplying both sides by ¢ ;, one obtains

t ¥ g (JNLm|JN) = Gy (LM) (7.28)
where 0011
+ , o\ —
G (LM) =) (23 " 1) (sNem|sA\)(f$) "V H(¢mLM) . (7.29)
l

We shall see, in the examples to be given later, that f; is always a know quantity, being
proportional to a Clebsch-Gordan coefficient. Therefore, the Gy (LM) is an experimentally
measurable quantity; it is this quantity that yields most directly the information on the spin
and parity of the resonance J.

Because of the symmetry (7.26d), it is not possible to perform the sum on ¢ in Eq. (7.29)
for odd /, if the s decay is parity-conserving. It is easy to restrict, however, the sum on ¢
to even values by the following procedure: exchange the index A to —\ and X to —\ in
Eq. (7.27), and add the resulting equation to the original formula (7.27), to obtain

1 /
tiar 5lo + (D)l ] (INLm|JX) = GL(LM) (7.30)
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where the ng\,)(LM) now has the same form as the Gy (LM) of Eq. (7.29) but the sum
is confined to even values of ¢. Therefore, if the parity is conserved in the decay of the
intermediate resonance s, it is the GS?(LM ) that is experimentally measurable. We shall
see later that measurement of the GE\JQ (LM)’s for all allowed values of A\, \'; L and M enables
us to determine uniquely the spin and parity of the J.

Let us note the following symmetry relations satisfied by the G)’s: from Eq. (7.26¢),

GIA(LM) = (=) VG (L) (7.31a)
and
G (LM) = (=) G\J(LM) . (7.31b)

In addition, the G*)’s clearly obey the same symmetries as those satisfied by the multipole
parameters t7 ;.

At this point, we shall briefly mention how we can test experimentally the applicability
of the time-reversal invariance discussed in Section 5.2. It is clear from Eq. (7.26¢) that,
if the H’s are non-zero for odd (¢ + L), the argument of Section 5.2 is not applicable; or,
equivalently, one may look for non-zero GE\JQ(LM ) with odd L, since it should be zero if the
H’s are zero for odd (¢ + L). From the point of view of the spin-parity analysis, we may
state that, in general, the H’s with odd (¢ + L) or the G(*)’s with odd L may not be as
useful in yielding the quantum numbers of the J as the other H’s or G™)’s, for they may be
either zero or approximately zero.

In analogy to the two-body decays discussed in Section 5.4, the joint angular distribution
given in Eq. (7.7) has a simple expansion in terms of the product of two D-functions:

1(9,0) =% (% 4; 1) (26; 1) H(emLM)DL¥ ()DL () . (7.32)

Im

LM
Note that this angular distribution is, of course, real, owing to the symmetry (7.26a) for
the H’s. The formula (7.32) affords an alternative method of determining the moments H;
by using the maximum likelihood method, one may fit the joint angular distribution with
the formula (7.32), using the H’s as the unknown parameters after taking into account the
symmetries (7.26a)—(7.26g). One experimental uncertainty is, of course, how large a number
one may take as the maximum value of L (Ly.x). Perhaps the most reasonable procedure is
to take the smallest L., for which an acceptable fit to the data can be obtained.

In the remainder of this section, we shall apply the general formalism developed so far to

a few concrete and, in practice, important examples. It is hoped that the examples selected
here are sufficiently diverse to give the reader an over-all picture of the various techniques
involved and that, after going through these examples, he has acquired enough skill with
which he can tackle any new decay modes he may encounter. In fact, our formalism can be
easily generalized to treat resonances with decay products which both have spin, for example
A+ wor p+w.
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7.1 X(1385) 5 A4

In this case, the intermediate particle s is the A(1115) with s = %Jr, which decays into

the (p + 7~ ) system via the weak interaction. Note that the final particle s; is the proton,
iLe. s' = %Jr. We wish to determine the spin-parity J" of ¥(1385) by the moment analysis.
Let us first write the normalization (7.9) explicitly:

gir+9l =29, =1

so that p p
giy=g-_=1/2

(7.33)
gi— :gf+ =¢/2,

where ¢ = n(—)’ +3. Since the A decay is parity non-conserving, f; is non-zero for both
¢ =0 and 1:
fo=91+92=1
S S S 1 S S (7'34)
fi=1(95 —92)(3310[33) = %(9+ —g°).

We do not give the explicit expression for g3 , but is related to the well-known decay asym-
metry parameter «, so that f; may be considered a known quantity.
Let us write down explicitly the G’s using Eq. (7.29). For arbitrary values of L and M,

1 3 _
G (LM) = SH(OOLM)+2(3310133)(f?) " H(10LM)

1
= §H(OOLM), for even L (7.35)

— ?(ff)_lH(OOLM), for odd L ,

where one has used the symmetry (7.26¢). Also,

Con(IM) = 3(5—31133) () HLLM)
- —?(ff)—lﬂ(uLM) (odd L) . (7.36)

Using the relations (7.28) and (7.33), one obtains for the ratio of Egs. (7.36) to (7.35),

G, (LM) HOALLM)  (J — 1L1]J2)
TN 2 = 2 2 dd L) .
Goon -~ VEGonn ~° anogy . D)
From Eq. (A.17), one obtains the final result

H(11LM) 2J +1

H(0LM) "\ 2L(L+ 1)

The formula (7.37) may be used to determine both the spin and parity of the resonance
J: the spin can be determined by evaluating the absolute value of the ratio of the two

(odd L) . (7.37)
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moments, while the parity can be determined by the relative sign of the two moments. This
method has been used to determine the spin and parity of ¥(1385). One must exercise some
care in using the formula (7.37), for the ratio of two experimental averages does not have a
Gaussian distribution, even though the averages themselves may be Gaussian.

A simpler approach might be to write formula (7.37) in the form

HOLM) —e—2 Y gaoray =0 (odd 1) (7.38)
2L(L+1)
and, for given values of L and M, test this equality for all spin-parity combinations. In this
way, one can obtain the x? probability for each possible spin-parity assignment. Of course,
it is necessary to choose the values of L and M such that both the moments in Eq. (7.38) are
appreciably different from zero (or different from the background). Otherwise, the formula
will give no differentiation between different spin-parity assignments.
Note that, although the formula (7.37) or (7.38) can be used for any odd L, it is most
useful for L + 1, for then it is applicable to any spin H > 1 [see Eq. (7.260)]. If the spin J
turns out to be greater that 1, one may use higher odd L as a consistency check.

7.2 A(1950) — A(1232) + 7

We shall now treat the case where the intermediate resonance s decays via the parity-
conserving strong interaction. Specifically, we shall consider a high-mass isobar decaying into
A(1232) + 7. Note that in this case s™ = 3/2% for the A and s]' = 1/2% for the nucleon.

Let us first note that, because of the normalization (7.10) and the parity conservation in
the A(1232) decay, we have

1
gy =g° = 3 (7.39)
Then, from Eq. (7.17), we see that

fi =0, forodd?¢; f;j=(2100|31), foreven (. (7.40)

The G)’s are now experimentally accessible quantities given by

3\ g)\)

(LM 20 1) GXNOnEN) g 41
g+ 3 (55 iy emean. (T4

£=0,2

Explicitly written, the G)’s have the form

G M)y =6, LMy =0 (7.42a)
G0y (LM) = - (¥> H(22LM) (L=2) (7.420)
Gt (M) = <¥> H21LM) (L>1) (7.42¢)
G (LM = %H(OOLM) + ZH(QOLM) (even L) (7.42d)
Gy (LM) = iH(OOLM) + ZH(QOLM) (even L) . (7.42¢)
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The last two relations can be used to determine the following ratio, using the formula
(7.30),

gly  GYJ(00)
22 — 22
J
91 G(+) (00)
1 — 5H(2000)
= 7.43
1+ 5H(2000) (7.43)
This allows us to write down the following spin formula, applicable if J > 3/2:
J (+)
911 Géé(LM) 310[J3
7 22 _ I3 0173) (even L > 2) .
i3 G(;l)(LM) (J3LO[J3)
22
Or, more explicitly, by using Eq. (A.18),
1+5H(2 H(00LM) — 5H(20LM AL(L +1
+ 5H(2000) (00LM) — SH(20LM)| _, AL(L+1) (even L > 2) . (7.44)
1 —5H(2000) | | H(OOLM) + 5H(20LM) 4J(J+1) -3

This formula is a potentially powerful one; it allows one to determine uniquely the spin
J > 3/2 regardless of the parity of the parent resonance, if the relevant moments are found
to be non-zero for L = 2 and some allowed M.

It should be emphasized that we have been able to obtain the formula (7.44) as a conse-
quence of our assumption that the density matrix for the J does not depend on the invariant
mass w of the J. If this assumption is relaxed, both the ¢{,, and g{,, are in general func-
tions of w and they cannot be separated from each other and treated as constants, once the
integration over w has been performed over the region of the resonance J.

There is yet another formula by which one can determine simultaneously the spin and
parity of the parent resonance. Let us take the ratio of Eqs. (7.420) to (7.42¢) and utilize
the relations (7.30) and (A.19):

H(22LM) J+1 .
HRILM)  [(L-1)(L 12} (even L > 2) (7.45)

where e = n(—)7~2. Note that, again, the above formula can be used only if J > 3/2 [see
Eq. (7.26b)].
Let us now consider the case when J = 1/2. From Eq. (7.26b), we see immediately that

H({{mLM) =0 forall L > 1. (7.46)

Moreover, GS? should be zero if either A or X is equal to +3/2. Then, from Egs. (7.42a)-
(7.42e),
HEQILM)=0 (L=1) (7.47)

and

H(2000) = (7.48)

1
s -
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The relation (7.47) might not be a useful test, because of the possibility that it could be a
consequence of time-reversal invariance.

It is rather unfortunate that the parity cannot be determined within our formalism if
J =1/2. One can determine the parity, however, if the fermion s; is unstable and its decay
angles are also observed [see Button-Shafer [25]]. An example might be the following decay
sequence: =(1820) — =Z(1530) + 7, Z(1530) - =+ 7, and = — A + 7.

7.3 b(1235) > T+ w

As pointed out in Section 6, the decay of the w can be treated on an identical footing to
that of the p° within our formalism; we merely have to use the normal to the decay plane of w
as the analyzer instead of the relative momentum of the p° decay. We take up the 7w decay
mode as our first example of the spin-parity analysis of boson resonances, because, owing to
the narrow width of w, there is negligible interference effect coming from the identity of two
pions in the 47 final state. Thus, this decay mode constitutes an ideal case for our moment
analysis. This problem has been treated using various techniques by Zemach [29], Ademollo,
Gatto and Preparata [30], Berman and Jacob [27], and Chung [15].

Before we proceed to discuss the mw decay mode, we shall write down the form of the
G™)’s valid for any arbitrary intermediate resonance s decaying into two pions. In this case,
we have s]' =07 and ¢°* = 1, so that

£5 = (s0£0]0) . (7.49)

From Eq. (7.29), we obtain the formula

) B 204 1Y\ (sNlm|s\)
G(LM) = D <2s +1/ (s5000|s0)
even ¢

H(tmLM) . (7.50)

This shows explicitly how the G)’s can be measured experimentally. Once they are mea-
sured, the spin and parity of the parent boson can be determined easily by using the formula
(7.30).

Let us come back to the discussion of the mw decay mode. The G)’s in this case are
given by relation (7.50) with s = 1. Explicitly, they are

GO(LM) = %H(OOLM) _ %H(20LM) (even L) (7.51a)
(+) _ 5

GR (M) = 5 = H(21LM) (L>1) (7.510)
(+) __5 c

GLA(LM) = = H(22LM) (L>2) (7.51¢)

G\my = %H(OOLM) + gH(20LM) (even L) . (7.51d)

The first information on the spin and parity can be obtained by noting the following.
From Eq. (7.21a), we see that g{,, = 0 for A or X = 0, if ¢ = n(—)’~! = —1. Therefore, if
e=—1,

Gy =6 vy =o. (7.52)
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if this relation is not satisfied for some value of L and M, then we may conclude immediately
that ¢ = +1.

If € is known, we can determine the spin itself by dividing Eq. (7.51a) by Eq. (7.51¢).
Using formula (7.30), we obtain the following useful relation valid for J > 1:

G\(Lm) (J1LO|J1)
- - ~~ 7 — o T
G (M) (J — 1L2[J1)

- -t

(even L >2), (7.53)

where one has used Egs. (A.20) and (A.21). Of course, this formula has meaning only if the
relevant G(+)’s are non-zero for some value of L and M.
It is possible to obtain an additional spin formula applicable for the case ¢ = +1 and
J > 1. If e = 41, g, is non-zero in general and related to g7} by
gh G (00)
T A ' (7.54)
9o Gy’ (00)

Now, the desired spin formula can be obtained by taking the ratio of relations (7.51a) to
(7.51d) and using Eq. (7.54):

GG (00) _ (J1LOJJ1)
G (00) (JOLO|JO)
L(L+1)

= 1- 5T +1) (even L > 2). (7.55)

Therefore, if ¢ = +1 and J > 1, this formula supplies additional information on the spin J.

If J =0, all H’s should be zero for L > 1. In addition, we see that, from Eq. (7.30), the
GE\J;,)(OO) vanish if A or X' is non-zero. Therefore, using Eq. (7.51a), we obtain H(2000) = 2/5.
Note that n = —1if J =0, so that ¢ = +1.

7.4 75(1670) = 7 + f>(1270)

Let us consider, as a final example of our formalism, the problem of analyzing a boson
resonance decaying into ™+ f5. the f meson is not a narrow resonance and the interference
effect can be a serious problem, for our formalism does not apply in that case. However, the
formalism can be applied, for instance, if the analysis is limited to the neutral decay mode
70 4+ f, with f, decaying into the 77~ system. In this case, there is no interference effect,
because each of the three pions has a different charge.

As before, we start out by writing down the G+)’s explicitly (note s” = 2%):

GSLm) = %H(OOLM) — H(20LM) + 13—0(40LM) (even L) (7.56a)
GS(LM) = \/gH(QlLM) - %H(MLM) (L>1) (7.56)
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G (LM) = —H(22LM) + \[ H(42LM) (L >2) (7.56¢)

GO (M) = ——\[ H(43LM) (L >3) (7.56d)

LWLM) = 3\/7 H(44LM) (L >4) (7.56¢)
Gy = gH(OOLM) + 5H(zoLM) - gH(leLM) (even L)  (7.56f)
G\H(Lm) = 1H(21LM) + 3\/§H(41LM) (L>1) (7.569)
G\t \[ H(22LM) — 3\[ H(42LM) (L >2) (7.56h)
G(LM) = gH (00LM) + H(20LM) + 5H(4OLM) (even L) .  (7.56i)

We want to determine the value of € = n(—)’"!. If ¢ = —1, we have from Eq. (7.21a)
that gf,, = 0 for A or X' = 0. Thus, if ¢ = —1, we obtain the following conditions:

GO(LM) =D (LM) = G (LM) =0. (7.57a)

Of course, this statement becomes non-trivial only for the allowed values of L as indicated in
formulae (7.56a)—(7.567). If J =1and e = —1 (i.e. H" = 17), both Egs. (7.56b) and (7.56¢)
should be zero, so that one has the additional condition

H(21LM) = H(A1LM)=0 (L=1or2). (7.57b)

Only one parity state is allowed if J =0, i.e. n = —1, so that ¢ = +1 in that case.

Once ¢ is known, we proceed to determine .J in the following manner. First, consider the
case J = 0. then, all the H’s and G™*)’s for L > 1 should vanish. In addition, G(;f\,)(()()) =0, if
Aor N # 0, so that by using Eqs. (7.56a) and (7.56f), we obtain H (2000) = H (4000 = 2/7.
Next, consider the case J = 1. Then, all the H’s and G")’s must vanish if L > 3. In
addition, we have the condition g7,, = 0 for A or X' = 2, so that

GSD(LM) =G (M) = GSP(LM) =0 (L=0,1,2). (7.58)

Again, these relations are non-trivial only for those values of L as are indicated in Eqs. (7.56a),
(7.56b), and (7.56¢).

Now, we write down the spin-parity formula valid for all J > 1. Taking the ratio of
Egs. (7.56f) to (7.56h), we get

G\ (L) (J1LO|J1)
=&
GO vy (J—1L2[J1)

where we have used the relation (7.30). Note that this formula is “formally” identical to
formula (7.53). there exist three additional formulae, applicable if J > 2:

(even L > 2), (7.59)

GSO(LM)  J1L1]J2)

o n ~ ST-ioD (L>3) (7.60)
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GS(LM)  (J1LO0|J2)

—— - = ¢ even L >4 7.61
ol - C—2Lag) ) (761)

and
(+) (+)
Gzi)(OO) G?i)(LM) _ (J2L0|J2) (even > 2) | (7.62)
G0y ¢\ way  (J1LO0[JT)
Note that the formula (7.62) does not depend on the parity.
In analogy to the example of the B-meson decay, one can write down additional spin
formulae, if e = +1. We list them below for the sake of completeness. If e = +1 and J > 1,
one obtains

G500y LMy (J1L0|J1)

= (even L > 2) . (7.63)
G0y G5 Ly - (JOLOJO)
If e =+1 and J > 2, one has, in addition,
GSP(00) G(LM)  (J2L0]J2) (even > 2) (7.6

a0y G (Lym)  JOLOJJO)

The ratios of Clebsch-Gordan coefficients appearing in Egs. (7.59) to (7.64) may be expressed
as explicit functions of J and L [see the formulae (A.20) and (A.24)].

8 Tensor Formalism for Integral Spin

In this and the next section, we consider the tensor wave functions describing relativistic
particles with spin and satisfying the Rarita-Schwinger formalism [31]. Our main objective
is to construct explicitly the tensor wave functions, following the method proposed by Auvil
and Brehm [32], and show how they may be used to write down the covariant amplitudes
for physical processes. The advantage of using the tensor formalism is that a spin tensor,
its indices being those of four-momenta, can be coupled to any four-momenta and/or other
spin tensors to form the simplest scalar amplitude satisfying the requirement of the Lorentz
invariance.

As before, our main emphasis will be on the problem of describing resonance decays.
We will consider in detail how the helicity amplitudes are related to the coupling constants
appearing in the tensor formalism. In addition, we will demonstrate why it is possible to use
the non-relativistic formalism of Zemach [33] in a relativistic problem. We shall see, in fact,
that the non-relativistic formalism is more convenient to use in a purely phenomenological
approach than the fully relativistic Rarita-Schwinger formalism.

In this section, we will concentrate on the problem of representing the integral spin states
in the tensor formalism. Our first task is to construct the non-relativistic wave functions
for particles of spin 1 known as the polarization vectors. They are the analogue of the
state vectors |jm) with j = 1, but the Hilbert space of which they form the basis vectors is
the familiar momentum space. As such, they carry indices of four-momenta as well as the
magnetic quantum number m. We shall construct canonical as well as helicity state vectors
and show that they transform in exactly the same way as the states [jm) or [jA) under
rotation.
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The wave functions for spin 2 are given by the tensors of rank 2 which are constructed
out of two polarization vectors by coupling them with the Clebsch-Gordan coefficients. The
states of spin 2 have five independent components corresponding to the different values the
magnetic quantum number can assume, whereas tensors of rank 2 with four-momentum
indices have 16 independent components. This implies that a pure spin-2 tensor ought to
satisfy subsidiary conditions which reduce the number of independent components to five.
These subsidiary conditions are just those of the Rarita-Schwinger formalism. We shall
see that the conditions for spin 2 can be easily generalized to those applicable to higher
rank tensors describing particles of higher spin. The tensor wave functions corresponding to
higher rank spin are constructed by coupling to the maximum possible spin, i.e. the rank
of the tensors is equal to the spin. In this way, the tensor wave functions of arbitrary spin
automatically satisfy the Rarita-Schwinger conditions.

8.1 Spin-1 states at rest

Consider an arbitrary three-momentum p. It may be specified in terms of the three
Cartesian orthonormal basis vectors €; as follows:

3
F=Y _pié, (8.1)
i=1

where €], €5, and €3 are the unit vectors along the z-, y-, and z-axis, respectively. Alterna-
tively, p’ can be expressed in terms of the spherical basis vectors € (m):

F=Y _pm)é(m)  (m=-1,0+1), (8.2)

where )

(£1) = F 7o (6 £i). 2(0) )
The vectors € (m) are the polarization vectors in the three-momentum space; they correspond
to spin-1 states at rest.

In order to gain a deeper understanding of these basis vectors, it is first necessary to con-
sider the rotation matrices acting on the momentum p and obtain an explicit representation
of the spin-1 angular momentum operators. For the purpose, we represent €; as a column
vector, so that p itself may be considered a column vector,

1 0 0 P1
er=1 0 |, e= 11, es=101], p=1 p ) (8.4)
0 0 1 D3

Then, the rotation operator R acting on p'is a 3 x 3 matrix:

3
Rpi = Z Rijpj (’L = 1, 2, 3) . (85)
j=1
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As before, we consider always the “active rotation”, i.e. the rotation of momentum p with
respect to a given fized coordinate system.

Consider now rotations of p'by € with respect to the z-, y-, and z-axis to be denoted by
Ry(e),k =1,2,3. They are exhibited explicitly below:

cose —sine 0

Rs(e) = | sine cose 0 (8.6a)
0 0 1
cose 0 sine

Ro(e) = 0 1 0 (8.60)
—sine 0 cose
1 0 0

Ri(e) = | 0 cose —sine | . (8.6¢)

0 sine cose
Let us denote by J; the infinitesimal generators of the rotations Ry(e):
Ri(e) = e (8.7)

For formulae (8.6a)—(8.6¢), we find that the matrices Ji have the following form (by consid-
ering the limit ¢ — 0):

(Jr)em = —i€kem - (8.8)
The matrices Ji, are Hermitian and satisfy the relations,

(ks Jo] = i€kemIm (8.9a)

J? = JpJp =21 (8.90)

where the summation is implied over repeated indices and [ is a 3 x 3 unit matrix. These
relations show immediately that the matrices Jj constitute a representation of angular mo-
mentum with eigenvalue one.

It is easy to see that the vectors € (m) given by Eqs. (8.3) are just the eigenvectors
corresponding to angular momenta Jj:

Jse(m) = me(m) (m=-1,0,+1)

Jre(F1) = V2e(0)
Jie(£l) = 0 (8.10)
Jee(0) = V2e(£1)

where J. = J; £ iJ5 and €(m) is the column vector given by
1 0

1 :
e(xl) = :F\/—§ :I(:]z , e(0)= (1] . (8.3a)

Comparing Eq. (8.10) with Eq. (1.2), we see that the vectors € (m) represent the spin-1 wave
functions, similar to the state vectors |jm) (j = 1) discussed in Section 1. As such, they carry
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two different sets of indices, one corresponding to the z-component of angular momentum
and the other corresponding to the three-momentum index. It is interesting to note that,
once the angular momentum operator is given by Eq. (8.8), the corresponding eigenvectors
satisfying Eqs. (8.10) [or more generally Egs. (1.2)] can be deduced by considering J3 and
J+; it can be shown that the simplest solution is just the set of eigenvectors given in formulae
(8.3a).

From Eq. (1.5), one finds that under a rotation R = R(«, 3,7), the vector €(m) trans-
forms according to

R(a, B,7) e;(m ZD (a, B,7) es(m)  (i=1,2,3) . (8.11)

We have dropped the symbol U] | from the operator representing a rotation R(«, f3,7), in
order to emphasize the fact that canonical states €(m) are not the basis vectors of some ab-
stract Hilbert space but those of the familiar three-momentum space. There is an alternative
way of representing a rotation on € (m). It follows from the fact that both the momentum p’
and the polarization vector € (m) may be expanded in terms of the same set of basis vectors
€; [see Egs. (8.1) and (8.3)]. If R;; is a 3 x 3 matrix acting on the components p; as shown
in Eq. (8.5), one finds

R(a, B,7) ei(m Z Rij(a, B,7)e(m)  (m=—1,0,41). (8.12)

The rotation matrix R(«, 3,7) may be expressed in terms of the matrices Ry, of Eqs. (8.6a)—
(8.6¢) as follows:

R(a, B,7) = R3(a) Ra(B) R3(7) - (8.13)
The reader may easily check that Egs. (8.11) and (8.12) are indeed identical by using the

explicit expressions for D( . and Eq. (8.13).
The relation (8.12) may be used to show that the inner product of €(m) with an arbitrary
momentum vector is rotationally invariant, i.e.

p-é(m)=p’-e'(m), (8.14)
where
p; = Ryp; and e/(m)= Ryej(m). (8.15)
This follows, of course, from the fact that the rotation matrices are orthogonal:
R;' = Ri; = Rj; . (8.16)

In other words, the inverse of a rotation matrix is equal to its transpose. As we shall see
later, it is the property (8.14) which enables one to mix p'and € (m) to construct rotationally
invariant amplitudes.

Finally, let us note the following properties of the polarization vectors:

e*(m)-€(m') = dpmm (8.17a)
Z e;(m)e;(m) =4 (8.17b)
e*(m) =(—=)"ée(—m). (8.17¢)
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8.2 Relativistic spin-1 wave functions

The polarization vectors € (m) we have considered so far are, of course, the canonical
state vectors (or wave functions) describing particles of spin 1 at rest. By definition, spin
characterizes how a particle at rest behaves under spatial rotations. It follows, therefore,
that it cannot have the energy component, if the spin wave function is to be represented in
the momentum space. With this in mind, we define a four-vector describing a spin-1 particle

at rest,
et(0,m) = {0,€(m)}
e, (0,m) = {0, —&(m)} .

We are now ready to define the canonical and helicity state vectors. In analogy to Eqs. (2.14)
and (2.16), we write

(8.18)

¢ (F.m) = [RL.(p)R~1*, ¢ (0,m) (8.19)

and
(P, \) = (RL.(p)", €”(0, ) , (8.20)

where L,(p) is given in Eq. (2.6) and R is the rotation which takes the z-axis (or €3) into

the direction of p, i.e. p = (6, ¢),
o 1 O
12 — o
R% 0 R

and Jz’ij is the 3 x 3 rotation matrix R(¢,0,0) of Eq. (8.13). If the momentum p'is along the
z-axis, both Eqs. (8.19) and (8.20) have the same form. Explicitly, one obtains

1
6u(p27 j:]-) =F+—F=

V2
E
e"(p%,0) = (3,0,0,—) ,
w

w

(0,1, +i,0)
(8.21)

where F, P, and w are the energy, momentum, and mass of the spin-1 particle.

The property (8.11) guarantees that the states given by Eqs. (8.19) and (8.20) transform
under rotation in the same way as the ket vectors |p, jm) and |p, jA) discussed in Section 2.
Therefore, we have

Re!(p,m ZDmm R) " (Rp,m’) (8.22)

and
Re*(p,\) = e (Rp, \) . (8.23)

As before, the helicity vectors are related to the canonical vectors via

Z DY (R) e(7,m) , (8.24)
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where R is the rotation that appears in Eq. (8.20).

Listed below are a number of properties satisfied by the polarization four-vectors:

pleu(pim) =0 (8.25a)

e, (p,m) e (p,m') = —bpm (8.25b)

P = "e,(Bim) e;(5m) = Gu(p) (8.26a)
- Pubv

G (P) = =G + =5 (8.26b)

where Pﬁ) is the spin-1 projection operator to be discussed below and g, is an object which
reduces to ¢;; (no energy component) in the rest system of the particle with mass w. The
relation (8.25a) is a consequence of our definition (8.18); it may be viewed as a necessary
condition to be satisfied by a spin-1 wave function (with three independent components),
when it has been imbedded into a four-dimensional space. The relations (8.25b), (8.26a)
and (8.26b) are generalizations of the rest-state formulae (8.17a) and (8.17b). Note that the
tensors P,E,lj) satisfy

P pe, = _pl). (8.27)

1%

Therefore, P;E,lj) may be considered as a projection operator in the sense that, when it is
applied to any four-vector, the resulting four-vector is orthogonal to p, owing to the property
(8.25a). We point out that there exist relations identical to (8.25a), (8.25b), (8.26a), and
(8.26b) for the helicity state vectors e’ (p, A).

Let us briefly discuss the parity and time-reversal operations on the polarization vectors.
First, the rest-states transform as follows:

Pé&(m)=né(m) (8.28)

Té(m)=(=)""é(-m)=—&"(m), (8.29)

where one has used Egs. (3.7) and (3.8). The polarization four-vectors transform under P
and T according to Egs. (3.9) and (3.10):

Pe,(p,m) =neu( p, m) = —nP,” e,(p,m) (8.30)

Te,(p,m) = (=)""e.(—p,—m) = P," ei(p,m) , (8.31)

where P,” denotes the space inversion, i.e.

+1 0
LS 4 : (8.32)
0 —1
According to Egs. (3.11) and (3.12), the helicity vectors transform as follows:
Pe,(p,A) = —ne(—p,A) =nP," e,(p, ) (8.30a)
Te,p,\) = (=) e (PN = =P, e (p, ) . (8.31a)
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8.3 Spin-2 and higher-spin wave functions

The wave functions describing spin-2 particles can be constructed out of the polarization
vectors as follows:

e (7,2m) = Y (Imylma|2m) e, (5, m1) e, (5, m2) - (8.33)

mima2

The rotational property (8.22) for the polarization vectors guarantees that our spin-2 states
have the correct rotational property:

Re,,(p,2m) Z D R) e, (Rp,2m’) . (8.34)

The spin-2 helicity states are given in terms of the spin-1 helicity vectors in exactly the same
way as the spin-2 canonical states in Eq. (8.33); one merely replaces the m’s in Eq. (8.33) by
the A’s. The relation (8.24) can be used to show that the spin-2 helicity states are correctly
related to the canonical states:

e (D5 20) Z D R) e, (p,2m) (8.35)

where, as before, R describes the p direction.

Now, spin-2 states have five independent components corresponding to the number of
different values the z-component of spin can take. The formula (8.33) shows, on the other
hand, that our spin-2 wave function is a tensor of rank 2 with sixteen independent com-
ponents. This implies that there exist supplementary conditions which reduce the number
of independent components to 5. These are just the Rarita-Schwinger conditions for the
integral-spin tensors. From the definition (8.33), we can show, in fact, that

p“ €uv (ﬁ: 2m) =0 (836@)
euw (D, 2m) = e,,(p,2m) (8.36b)
g" e (p,2m) =0. (8.36¢)

It is easy to see that these conditions limit to five the number of independent components
n e,,.
In the rest frame of the spin-2 particle, the relations (8.36) reduce to

eij(2m) = e;(2m) (8.37a)
> en(2m) =0. (8.37D)

The condition (8.36a) simply ensures that in the rest frame indices p and v can have the
space components only, i.e. 1, 2, or 3. Equations (8.37) tell us that the tensors e;; are
symmetric and traceless.

Let us note that e, is normalized according to
p,2m) e’ (p,2m') = S (8.38)

€
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which can be shown using Egs. (8.33) and (8.250). In analogy to Eq. (8.26a), we may also
define a spin-2 projection operator:

P2l o= euw(B,2m) €l(5,2m) (8.39)

with the normalization given by

PR p@or  _ pe

pvop propB

(8.40)

Again, the spin-2 projection operator has the property that, when it is applied to any second-
rank tensor, the resulting tensor satisfies all the conditions in Eqgs. (8.36). In the rest frame,
this operator simply projects out that part of a second-rank tensor which is symmetric and
traceless. From this, one sees immediately that in the rest frame

1

1
Pl = 5 (O Gje + 0ig Ojn) — 3

0ij Ok - (8.41)
A projection operator defined in an arbitrary frame out to reduce to formula (8.41) in the
rest frame, so that it can be written

2 . o 1
P;Euzlﬁ = 5 (gua Gvp T Gup gua> - g Guv 9o (8.42)

where g, is given in Eq. (8.26b) and reduces to d;; in the rest frame.

It is clear how one can generalize to high spin states the results we have developed so far
for spin-2 states. Let us briefly discuss the case of spin-3 states. They may be described in
general by a third-rank tensor

Cpo (B, 3m) = ) (2my1my|3m) e, (5, 2ma) €, (7, ms) (8.43)

mima

with the normalization,

€y (P, 3m) 7 (9, 3m) = Oy - (8.43a)

Proper rotational property is guaranteed by construction, implying that it is indeed a wave
function appropriate for a spin-3 state. Therefore, the wave functions should satisfy the
Rarita-Schwinger conditions:

P ews =0 (8.44a)
ews = pairwise symmetric (8.44b)
" ey =0. (8.44c)

The condition (8.44b) states that e, should remain invariant under interchange of any two
indices. In the rest frame, e,,, reduces to e;;, with only space indices and it is symmetric
(pair-wise) and traceless.

The spin-3 projection operators can be constructed in a similar fashion as in Eq. (8.39):

3 N ¥ N
P;Eu)craﬁﬁf = Z 6MV’Y(p> 3m) eaﬁ-y(p> 3m) . (845)
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In the rest frame, this operator projects out a symmetric and traceless tensor from an
arbitrary third-rank tensor. Using this fact, it is easy to construct a projection operator in
the rest frame analogous to formula (8.41):

1
ngémn =% Z 0it Ojm Ok (8.45a)
p
1
P = Pltrn — R (655 Paemn ~+ 05k Prioman + Oki Prsjomn] (8.45b)

where the summation in the first relation goes over the six possible permutations of the three
indices (1, 7, k). The second relation is clearly traceless in any pair of the indices (i, j, k). The
formulae (8.45b) and (8.41) are two special cases of the general formula given by Zemach
[33]. In order to obtain a projection operator valid in an arbitrary frame, one merely needs
to replace the Kronecker §’s in Eq. (8.45a) by the g’s of Eq. (8.26b). The reader is referred to
Fronsdal [34] for an explicit expression of relativistic projection operators of arbitrary spin.

8.4 Zemach formalism

Let us now turn to a discussion of how the projection operators may be used to facilitate
calculations in actual problems. For the purpose, it is best to consider an example; let us
suppose that we wish to describe the production and decay of the f,(1270) meson. Then,
the simplest Lorentz-invariant amplitude will assume the form

My~ 37 D5 € (,2m) €5(5,2m) 45 a5 (8.46)

m

where p’ is the momentum of the f meson, p; and py are the decay pion momenta from
the f meson, and ¢; and ¢, are some momenta taken from the production process (the
Breit-Wigner function for the f propagator has been suppressed).

Let us explain at this point the meaning of the amplitude (8.46). The isospin-zero mm
scattering at the f mass is really a product of two processes, i.e. the production and decay
of the f meson (see Fig. 2). The amplitude corresponding to each process should be Lorentz
invariant and exhibit the degree of freedom corresponding to the z-component of the spin
(the quantum number m). Furthermore, one has to sum over the quantum numbers m in
the amplitude, since the f meson is an intermediate resonance and is not observed directly.
Note that all these requirements are neatly satisfied by the expression (8.46). The complex
conjugation of the second wave function in the expression signifies the production (and not
the decay) of a resonance.

Using the definition (8.39), My; may be written in terms of the projection operator:

Myi ~ phpy PE 5 afds - (8.46a)

This example shows that is not in general necessary to construct explicitly the tensor wave
functions; one only needs to know the corresponding projection operators. In the f rest
frame, the amplitude can be expressed as follows:

My; ~ pip) 72(3'2)(%%) ; (8.47)
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(2)

where T} is a symmetric and traceless tensor given by

T (@0a2) = Py dbds (5.48)
Eq. (8.46a) may be reduced to the following equivalent form:

Myi ~ ¢i@y TS (pipe) (8.49)

where
2 2
T (pupa) = P, 11 (8.50)

Both Egs. (8.47) and (8.49) tell us how to construct amplitudes: out of the decay (or
production) momenta, construct a “pure” tensor (symmetric and traceless) and combine it
with a “raw” tensor built out of the production (or decay) momenta, to obtain the desired
amplitude.

This example illustrates the use of angular momentum tensors proposed by Zemach
[33] in its simplest form. In his formalism, the pure spin tensors play the central role,
thereby avoiding the explicit construction of spin wave functions. In addition, by evaluating
amplitudes always in the rest frame of the particle to be described, his formalism avoids the
complication arising from the use of the four-momentum indices. Listed below are a few of
the pure spin tensors (i.e. symmetric and traceless):

Ti(l)(a) = G (8.51)
1 1 .
TP(ab) = S(ab; +biay) = 56,(@- ) (8.52)
2
a
ﬂ(f}g(a) = @a;ar — g(‘sijak + Ojra; + Ogiay) (8.53)

where @ and b are arbitrary three-vectors. A general prescription for constructing pure
tensors of arbitrary spin can be found in Zemach [33].

The Zemach formalism is particularly suited to problems where interference effects occur
due to the presence of identical particles. Let us discuss this problem by analyzing the decay
of a»(1320) as an example. For simplicity, we shall discuss the decay of a positively charged
as:

aj (p) —= 7 (p1) + p°(pas), P (pas) = 7t (p2) + 7 (ps) (8.54a)
— 7 (p1) + 7 (p3). (8.54b)

n
2
a3 (p) — 7 (p2) + P°(p1s), P’ (p13)
where we have indicated the momenta of the particles in parenthesis. Let us denote by w
and w3 (or wi3) the invariant masses of the ay and p°, respectively.

In a Dalitz plot analysis of the 37 final state, one may integrate over the orientation of
the 37 system. From Eq. (6.20), one sees that in this case the distribution is independent of
the density matrix of the ay (i.e. independent of the production process):

Z |Fl? (8.55)

dwdw dw23
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where m is the z component of the ay spin along the normal to the 37 plane. The decay
amplitude F,,, may be expressed in terms of the as(J? = 2%) wave function e,

Fo ~ ¢ e (p,2m) (8.56)

where ¢ is a second-rank tensor to be built out of the variables of the 37 system. Then,

S UFP ~ et 67
m

vV kY 8-57
~ P P,Ei)aw B ( )

~ ¢*MVP(2LB¢O£§ 5

jn%

where the last line has been obtained using the reality of the projection operators. In the as
rest frame, formula (8.57) becomes

2 xij p(2) ke
Z|Fm| ~ @™ P 07 (8.57a)

Let us now construct explicitly the tensor ¢*”. Taking into account the Bose symmetriza-
tion between the two 71’s, the tensor can be written

P = D(wa3) Phs + D(wiz) P (8.58)

where the first term corresponds to the process (8.54a) and the second term to the process
(8.54b). D(w) is the usual Breit-Wigner function with invariant mass w. ¢4; describes the
case in which the intermediate p° is formed out of 7+ (py) and 7~ (p3):

by = Z (P2 — p3)° € (P23, m1) €5 (P2s, M) Py Py 5“aﬁﬁ/plf : (8.59)

mi

It can be shown that the decay amplitude given by

Po3 € (D, 2m) (8.60)

is invariant under parity operation by using Egs. (8.30) and (8.33) [the presence of the totally
antisymmetric 4th rank tensor in Eq. (8.59) can be understood in this way|]. Using the spin-1
projection operator Eq.(8.26a), the tensor ¢h; can be rewritten

Phs = (D2 = P3)a P,y D" DY (8.61)

In the ay rest frame, the four-vector p has only the energy component, so that Eq. (8.61)
becomes

Oy ~ Gy pl, oz = (Do — Ps) X i - (8.62)
Similarly,
Oty ~ disPhy  Gis = (Pr — Ps) X P - (8.63)
Let us write down explicitly the factors appearing in Eq. (8.57a):
¢*" = D" (wa3) ¢ + D*(wi3) ¢ (8.63a)
Pz'(fk)é ¢ = D(ws) Ti(jz)(%s,Pl) + D(w3) T}(f)(qls,m) . (8.63b)
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TZ-(J-Z) is the pure spin-2 tensor given in (8.52).

This example illustrates how one may construct the general distribution function for the
31 Dalitz plot. The prescription is this: for any assumed spin-parity of the as, construct
a raw tensor out of the variables in the 37 system consistent with the spin-parity and the
Bose symmetrization [e.g. Eq. (8.63a)], form a pure tensor through the use of the projection
operators, and multiply the two tensors together as shown in Eq. (8.57a), to obtain the
desired distribution function. This demonstrates the convenience of employing the Zemach

formalism for this type of problem.

8.5 Decay amplitudes in tensor formalism

Through a series of simple examples, we wish to show next how to construct invariant
amplitudes for resonance decays in the tensor formalism. The purpose is two-fold. Firstly,
we wish to demonstrate the connection between the decay amplitudes given in the tensor
formalism to those derived in the helicity formalism. Secondly, we wish to show how one can
use in a phenomenological approach the non-relativistic rest-state wave function in relativistic
problems.

The examples we shall consider are all special cases of the following general problem, i.e.
decay of a resonance J into a particle s by a pion emission:

J(p) = 5™ (p1) + 7(pa) (8.64)

where the spin-parity and momentum for each particle are indicated in an obvious way. Let
us denote by w and w; the invariant mass of J and s, respectively. Let w = (6, ¢) be the
spherical angles of p in the rest frame of J(JRF). Then, the decay amplitude is given, from
Eq. (5.16), by

A= N;F/D!¥(9,0,0) (8.65)

and, from parity conservation,
Fl =eF?,, e=m (=), (8.66)

The helicity amplitude has the following partial-wave expansion [from Eq. (5.18)]:

2612
F/ :Z( £ ) al (C0sA|JN) . (8.67)
l

The parity conservation implies that the partial-waves ¢ can take only even (odd) values, if
the factor nn, is odd (even).

Let us now see how the decay amplitudes constructed in the tensor formalism may be
cast into forms similar to Eq. (8.65). Wherever possible, we shall use the symbols introduced
in the previous paragraph.

i) 28 —>0"+0"
The invariant amplitude for this decay may be written

A~ gl p5 ew(p,2m)

e (8.68)
~ gpy Dy eii(2m)
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where g is the coupling constant and the second line has been evaluated in the JRF. Let us
rotate the wave function e;; by R(¢,6,0):

¢;;(2m) = R e;;(2m) ZDmm (¢,0,0)e;;(2m’) .

m/

This can be inverted to obtain
ei;(2m) ZD /(¢,0,0) el;(2m) . (8.69)

e;; is by definition a wave function with the quantization axis along the direction p;. Using

this fact, one can easily evaluate the following term:
piwh €(2m) = Y (Imlma|2m') pi ey (ma) i €}(m2) = p* (1010]20) 60, (8.70)
mimse

where one has used the relation

Pr-€'(m) = p1dmo - (8.71)

This relation follows from the fact that the quantization axis coincides with the direction of
p1 and that the momentum p; may be thought of as having only a z-component.
Combining Egs. (8.69) and (8.70), one can recast the amplitude A in Eq. (8.68) into

2
A2 022 D (6.0.0). (872

Of course, one could have written down this formula immediately by applying Eq. (8.65). The
formula (8.72), however, tells us something further; it indicates that the helicity amplitude F’
ought to have the dependence p?, commensurate with the D-wave in the di-pion system. We
shall see that this is a general feature with the tensor formalism. Namely, the amplitude FY
which is an undefined quantity in the helicity formalism except for the symmetry property
(8.66), has a more explicit representation in the tensor formalism. This point is illustrated
further in the next example.
i) 2t —>1-+0"

This decay process has been considered previously. Let us write the amplitude in the
following way:

A~ ge" el (P, N) Pys Dy Db € (P 2m)
~ g [6 (ph )\) X pz]ip% eij(2m> ) (8-73)

where A is the helicity of the 17 particle. As before, we express e;; in terms of the e;; whose
quantization axis is along the p; direction:

e;j(2m) = ZD (¢,0,0) e;;(2m”)

= Z D27 (6,0,0) (Imi1ms|2m') €i(my) € (ms) . (8.74)

m/
mpm2
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Note the following relation,
[€%(p1, A) X Pa] €j(mn) = ip1 Aoy m, - (8.75)

which may be obtained by using expression (8.21). Combining this with Eq. (8.71), one
obtains finally
A~ gp3 M101A[20) D *(¢,6,0) . (8.76)

This exercise shows that the helicity amplitude F} has the following explicit expression
F ~ g p2(101X]2)) . (8.77)

Note that F ;2) satisfies the symmetry relations of Eqs. (8.66). Let us compare expression
(8.77) with the amplitude obtained by using Eq. (8.67) with ¢ = 2:

F? ~ ay (201X]2)) . (8.77a)

We see that formula (8.77a) is equivalent to formula (8.77), if we set ay ~ gp?.
Next, let us consider the following non-relativistic amplitude:

A~ g[e*(N) x po)' pj ei;(2m) (8.78)

where € () is the polarization vector evaluated in the sRF (or the 1~ particle rest frame).
Formula (8.78) is clearly non-relativistic, because €'(\) and e;;(2m) are the wave functions
evaluated in two different rest frames. However, it can be shown easily that Eq. (8.78) leads
to the same result (8.76). In this sense, Eq. (8.78) is an equally valid description of the decay
process as the fully relativistic amplitude (8.73). We have now seen the simplest example
which demonstrates how it is possible to use non-relativistic wave functions in a relativistic
problem. A more complicated case involving two different amplitudes is given in the next
example.

i) 2= —=>1-4+0"
This decay involves in general two independent amplitudes, reflecting the fact that there

can be two orbital angular momenta, i.e. P- and F-waves. Let us write the invariant ampli-
tude as follows:

A ~ g1 6u*(ﬁ1, )\) p,f e/w(ﬁa Qm) + g3 ea*(ﬁla )\) Pa p/f p,f e/w(p; 2m) ) (879)

where ¢g; and g3 are the two Lorentz-invariant coupling constants. This amplitude incorpo-
rates parity conservation in the decay in the sense that when the helicity vector is replaced
by the canonical vector (i.e. replace A by my), the amplitude is invariant under parity op-
eration [this can be shown by using Egs. (8.30) and (8.33)]. Note that the amplitude A as
it appears in Eq. (8.79) is not parity-invariant, simply because the helicity A changes sign
under parity operation.

Let us express the amplitude A in the JRF:

A~ ogre (71, N) ploeij(2m) + gswe (P, \) plpl es;(2m) . (8.79a)
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Using the same technique we have used in previous examples, we expand e;; in terms of the
e;; whose quantization axis points along the momentum p. Afterwards, we use the relation
(8.71) and [use Egs. (8.21)]

E
e* (P, A) - €'(my) = {AQ + w—1(1 — )\2)} O m: (8.80)
1
to cast the amplitude A into the following form:
A~ ByD2"(6,6,0) (8.81)

where 1
Bl =—
+ \/591 b1

2 FE w
By = \/; [gllh—l +93p§—] .
w1 w1

Comparison of Eq. (8.81) with Eq. (8.65) shows that By may be set equal to Fy, which
has the following expansion in terms of the partial-wave amplitudes a} (¢ = 1 or 3):

3 1
Fi:\/l—o“\/g%
(8.83)
=4/=-a; —1/-as.
0 5 1 5 3

where the superscripts J have been suppressed for brevity. Equations (8.82) and (8.83) can
be used to solve for a; and a3 in terms of g; and g3 by setting By = F)

1 2E1 + 3w1 3 W
a =\ —= |gip1 | ——— | +293p] —
15 w1 w1

2 E—u 3 W
az = — 5 apr\ — ) +g3p) —| -
w1 w1

We have now exhibited clearly how the Lorentz invariant coupling constants are related to
the partial-wave amplitudes. We see that in general it is not possible to define a Lorentz
invariant coupling constant which corresponds to a single partial-wave amplitude. The reason
is that the orbital angular momentum is a well-defined concept only in the parent-resonance
rest frame (the JRF).

One may ask the following question: Is it possible in the tensor formalism to construct
amplitudes corresponding to states of a pure orbital angular momentum? The answer is
that one has to use the non-relativistic tensor formalism. Let us examine the following
non-relativistic amplitude:

(8.82)

(8.84)

A~ by e ¥ (N) pl e (2m) + by € F(A) TS (py) 7% (2m) (8.85)

ijk

where T

ijk is the pure spin-3 tensor given in Eq. (8.53).
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Let us proceed to the task of reformulating the above amplitude to the one similar to
Eq. (8.65). Using the by-now standard technique, we re-express e;; in terms of e;; as given
in Eq. (8.69). For the first term in formula (8.85), we evaluate [use Eq. (8.17a)]

e *(\) p] €;(2m') = p1 (101A[2X) Gxmr
to obtain the result
b p1 (101A]23) D\ (¢, 6,0) (8.86)
This shows that the first term in indeed proportional to the P-wave amplitude [see Eq.

(8.67)):
a; = \/gbl P1 . (887)

The second term can be reduced to the desired form by using the explicit expression
for the third-rank tensor given in Eq. (8.53). However, it is instructive to use the following
method, which is easily applicable to higher spin cases. Let us express the tensor in terms
of the projection operator:

{,m_ n

3 3
Tz(jk) (p1> = Pi(jk)émn P1P1 Dy

=D eijp(31) €1 (3) L PT BT -
m

(8.88)

If we assume that the z-component g is defined along the direction of pj, then the ten-
sor reduces to the following simple form [it should be emphasized that this form does not
correspond to a general expression; see Eq. (8.53)]:

T (p1) = P} (2010[30)(1010/20) €;54(3, 0)
. (8.88a)
= \/gp? 6ijk(37 0) )

eik(3,0) = > (12 —p|30) ex(1) €x (2, — )

where

m
- (8.88)
= —\[g > (301p21) ex(1s) €421 -
w
From the normalization (8.38), we see that
(2) €7F(2m) = Gy - (8.88¢)

Note that this result follows because both the spin-2 wave functions have the same quanti-
zation axis. Substituting Eq. (8.88) into Eq. (8.85), we finally obtain for the second term

V14

—~= bap] (301A124) D,23%(6.0.0) , (8.89)
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which shows clearly that this term corresponds to a pure F-wave amplitude. Comparing
this with Eq. (8.67), we may identify

2
a5 = —\/g bap? . (8.90)

We have now completed the proof that the non-relativistic amplitude given in Eq. (8.85)
corresponds to a sum of pure P- and F-wave amplitudes. It is clear how to write down
amplitudes similar to (8.85) for different spin parity combinations for the parent resonance
J. Let us make the following remarks concerning this type of amplitude. First, it gives the
correct angular distribution in the JRF corresponding to a given orbital angular momentum.
Second, it is “relativistically correct” in the sense that b; and b3 can be expressed in terms
of the Lorentz invariant coupling constants g; and gs [see Egs. (8.82)]. In a phenomenolog-
ical approach, it is clearly irrelevant as to which set of constants are used to describe the
amplitude.

Suppose that the vector particle s decays into two pseudo-scalar mesons. In order to
describe the over-all amplitude for the J decay into three pseudo-scalar mesons, one has to
multiply Eq. (8.85) by a factor ke (M) and sum over the helicity A, where k is the relative
decay momentum in the sRF. Owing to the relation (8.17b), the net effect is to replace
e™*(\) by k' in (8.85):

A~ bik'plei;(2m) + bk T, (py)e?™ (2m) . (8.91)

The Dalitz plot distribution is obtained by taking the absolute value of A and summing over
m [see expression (8.57)]:

S IAP ~ ¢ P e (8.92)
where
OF; ~ by ki pi + O3 KT, m % () (8.93)
and
Pii)g S ~ by T (k, pr) + bs k' Te(w (p1) - (8.94)

Note that the second term in Eq. (8.94) is already symmetric and traceless in the indices 4
and j.

This exercise shows how to calculate the Dalitz-plot distribution function out of the
non-relativistic amplitude we have constructed. It is important to realize that we are using
momenta defined in two different rest frames; the p; is given in the JRF, whereas the k is
defined in the sRF. Of course, this is a consequence of the non-relativistic approach we have
adopted here. For a more general discussion of the non relativistic tensor formalism, the
reader is referred to Zemach [33].

One may consider Eq. (8.92) as defining the distribution in the internal angle, cos; ~
k- p1. Of course, the distribution in cos #; may be derived within the helicity formalism. Note
that the decay we consider here is a special case of the general sequential decays considered
in the previous section. The desired distribution in cos; is obtained by integrating over all
angles except cos 6 in Eq. (7.7):

I(costh) ~ Y g% DY (61)]* . (8.95)

A
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where g%) is related to the partial-wave amplitudes af) (¢ =1or 3) via

2

g ~ D@20+ 1) af? ((01A[2))] (8.96)
4

It can be checked that the angular distribution obtained using Eq. (8.92) is indeed identical
to that given by the formula (8.95).

9 Tensor Formalism for Half-Integral Spin

In this section we wish to develop the tensor formalism for wave functions describing
relativistic particles with half-integer spin. We construct explicitly the tensor wave functions
and illustrate how they may be used to construct invariant amplitudes. We have seen in
the previous section that it is advantageous to use the purely non-relativistic formalism,
whereby one employs only the wave functions evaluated in the rest frames. For this reason,
we shall first concentrate on the non-relativistic two-component tensor formalism and then
generalize later to the four-component tensor formalism, which satisfies the Rarita-Schwinger
conditions [31].

Our first task is to construct the spinor wave functions describing spin-1/2 particles as
rest, and show how the Pauli matrices may be used to build up the rotationally invariant
amplitudes. Next, we discuss the spin-3/2 wave function constructed out of a polarization
vector and a spinor, and give the subsidiary conditions limiting the number of independent
operators which are constructed from the spin wave functions. The pure tensors, normally
obtained by the use of the projection operators, can also be constructed in the following
manner

for half-integer spins. Let T be a pure tensor for an integer spin n. The product of
T™ with a spinor will then correspond to a spin n + 1/2 or n — 1/2. As will be shown in
this section, it is a simple matter to project out the spin n+1/2 or n — 1/2 component from
the product. This is the approach adopted by Zemach [33].

As for the relativistic wave functions for the half-integer spins, our starting point is the
Dirac four-component formalism for spin—% particles. Following Auvil and Brehm [32], we
then combine the spin—% wave function with the relativistic tensor wave function of the
previous section to form explicitly the tensor wave functions for arbitrary half-integer spins.
We shall show that these wave functions satisfy the Rarita-Schwinger conditions. The explicit
form of the relativistic projection operators corresponding to arbitrary half-integer spins has
been given by Fronsdal [34].

9.1 Spin-1/2 states at rest

States corresponding to a particle of spin-1/2 at rest have two independent components,
owing to the two values the z-component of the spin can take. In this case, the basis vectors
may be given by the spinors or two dimensional column vectors:

=) wn=(1) (9.



States x(m) are, of course the analogue of the ket vectors |jm) with j = 1/2 [see Egs. (1.2)].
It is well known that the representation of the angular momentum satisfying Eqs. (1.2)
in the spinor basis is given by

(9.2)

where o; is the Pauli matrix:

e (0) e (V) e (3 0) 6w

In fact, once the spin-1/2 basis vectors are given by Eqs. (9.1), the corresponding angular

momentum matrices can be derived using Eqgs. (1.2); the result can be expressed as in Eq.

(9.2). this is to be contrasted with the approach we have taken in the previous section.

There we have started out with 3 x 3 rotation matrices and, by considering the infinitesi-

mal rotations, found the 3 x 3 matrix representation of the angular momentum, and then

“derived” the corresponding basis vectors, which turned out to be the polarization vectors.
Under rotation, states y(m) transform according to [see Eq. (1.5)]

U[R(a, 8,7)] x ZD (a, B,7) x(m') . (94)

The normalization and the completeness relation for y(m) have the standard form:

X' (m)x(m') = Oy

S xm)xm) =1, (9:5)

where x'(m) is the Hermitian conjugate of x(m), i.e. a two-dimensional row vector, and [
is the 2 x 2 unit matrix.

We shall now derive an important property which is that the Pauli matrices & may be
considered a vector in the construction of invariant amplitudes. For the purpose, let us
exhibit explicitly the 2 x 2 rotation matrix:

UlR(a, B,7)] = exp (—i%ag) exp (—z'gag) exp <—i%03) : (9.6)
Each factor in this expression can be expanded by using the following general property:
exp[—i0i - 5] =cosf —ifi-d sinf, (9.7)
where 77 is a unit vector. We are now ready to prove the following relation:
U_l[R]O'ZU[R] = Rij gj . (98)

If U[R] is given by Eq. (9.6), R;; is an element of the 3 x 3 matrix given in Eq. (8.13). It is
a straightforward algebra to prove the relation (9.8) by using Eq. (9.7). The scalar product
0 - p for an arbitrary momentum p'is a rotational invariant in the sense that

—

XT(ml) a-px(me) = X/T(ml) a-p’ X/(m2) ) (9.9)
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where the prime indicate the rotated quantities:

X'(m) = U[R]x(m)
p; = Rijpj. (9.10)

The relation (9.9) is the analogue of Eq. (8.14) for the polarization vectors.

One important characteristic of the product & - p'is the fact that it is a pseudo-scalar,
because the angular momentum vector J=1 /26 is a pseudo-vector. This allows us to write
down, for example, a general amplitude for the decay of the A(1115) via the weak interaction:

M~ XL (m') A x, (m) (9.11)

where the subscripts denote states corresponding to either a nucleon or a A, and A is given
by
A:&0+a16-ﬁ. (912)

ap and a; are the coupling constants and p is the momentum of the nucleon in the A rest
frame. Note that we have used in formula (9.11) the wave functions (or states) evaluated in
two different rest frames. The situation here is identical to that discussed in the previous
section for integer spins; in a phenomenological description, Eq. (9.11) is a perfectly valid
expression in the sense that the constants ag and a; are merely linear combinations of the
Lorentz invariant coupling constants. We shall give the explicit relations when we take up
the discussion of relativistic wave functions.

9.2 Non-relativistic spin-3/2 and higher spin states

Wave functions corresponding to a particle of spin 3/2 may be constructed by coupling
the polarization vector with a spinor:

XEm) = > (Imyyma|im)é (ma)x(ms) . (9.13)

mima2

We know that both €' (m;) and x(my) transform under rotation in the standard way. The
Clebsch-Gordan coefficient in Eq.. (9.13) ensures that the states \(3/2m) transform under
rotation as those of a particle of spin-3/2 [use Egs. (8.11), (9.4), and (A.14)]:

U[R(a, 8,7)]K(m) = 3 D2, (e, B,7)X(m') . (9.14)

States X(3/2m) are by definition three-vectors, each component of which is a spinor. There-
fore, there are six independent components for x(3/2m). On the other hand, states of a pure
spin-3/2 particle have only four independent components, so that \(3/2m) of Eq. (9.13)
ought to satisfy two subsidiary conditions. It is a matter of straightforward algebra to prove
that the desired conditions assume the following form:

G -Y(m)=0. (9.15)
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The wave functions \/(3/2m) have the following simple normalization:
XT(sm) - X(3m') = b (9.16)

where ¥ is a three-vector with each component being a two-dimensional row vector. The
outer product summed over all spin states defines, as before, the spin-3/2 projection operator

sz% m)xt(2m) (9.17)

§
2

with the normalization given by
3y (3 3
> PPy =Py (9.18)
k

By definition, the projection operator has the property

3

3 3
P = P (9.19)

)

7 17 . .

The following form clearly satisfies Eq. (9.20):

PO - Log (9.21a)

¥ J 3 J

It is simple to show that this form also satisfies Eqs. (9.18) and (9.19). Equation (9.21a)
may be recast into the form:

p _2

i T3 9

We shall give later a general expression for half-integer spin projection operators.
Let us go on to a discussion of spin-5/2 wave functions. They may be construed by

coupling spin-2 wave functions with the spinor:

Xij(3m) = Z (2m13

mima2

sm)eq;(ma)x(ma) . (9.22)

By construction, this wave function has the correct property under rotation:
U[R(a, B,7)]xi;(3m ZD a, B,7)xi;(5m') . (9.23)

Because our wave functions have been constructed by coupling to the maximum possible
spin, it can be shown that the following expression is equivalent to Eq. (9.22):

Xii(3m) = Y (Gmulma|3m) xi(3ma) ej(ms) . (9-22a)

mima
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Now, we are ready to enumerate the supplementary conditions on x;; limiting the number
of independent components to six. From Eq. (9.22) we see that y;; is symmetric and traceless
in the indices ¢ and j. On the other hand, we have an additional condition from (9.22a) and
(9.15)

giXij(dm) =0. (9.24)

Let us multiply Eq. (9.24) by o; and sum over the index j. then, we obtain

(04 + i€ jikok)xi5(3m) =0 . (9.25)

This relation shows us that, if y;; is symmetric, Eq. (9.24) automatically ensures that it
is also traceless. It is thus clear that a symmetric x;; satisfying Eq. (9.24) has indeed six
independent components.

The spin-5/2 wave functions are normalized according to

ZXU ) X5 (31) = G (9.26)
and give the spin-5/2 projection operator
)
szk@ ZXU g Xké g ) : (927)

This operator has the following properties:

(%)
Z zyab abkz = Piﬁce (9.28)
()1 %)
F)iﬁd Pkézu (929)
5
o, P2, = 0. (9.30)

Of course, the projection operator is symmetric and traceless in the pairs of indices (i, j)
and (k,¢). We give below explicit expressions for the spin-5/2 projection operator, as well
as the general formula corresponding to arbitrary half-integral spins.

9.3 Non-relativistic spin projection operators

Consider the expression

P(%) = 26,00 P%
ijke mYn < mignkl

(9.31)

where P®) is the spin-3 projection operator [see Eq. (8.45b)]. It is clear that the projection
operator (9.31) satisfies Eq. (9.29). It also satisfies Eq. (9.30), since

5) 3

(
O-ipiﬁd = ?(26777,2 - Umal) Prsqz)jnkf

_ )
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It can also be shown that Eq. (9.31) obeys Eq. (9.28). The formula (9.31) is a special case of
the general expression for projection operators given by Fronsdal [34]. The non-relativistic
version on his formula reads as follows (n > 1):

n+i 1
P( +2) — (n_'_ ) Uk(fgpn—H

(9.32)

i1 ing1 - gn Kiv-+inlji--jn

where n is an integer and P"™! is the projection operator for spin (n + 1). Note that
application of this formula for spin-3/2 gives immediately Eq. (9.21a).
After some algebra, Eq. (9.31) can be re-expressed in the following form

3 9 1 2
Piee = Pz(]k)e 5 [Uiamp( )

mjk

(+050m Pl (9.33a)

where P is the spin-2 projection operator [see Eq. (8.41)]. Or equivalently,

G _ 3,9 ¢ ) )
Pijké - g ijkt + g |:5inm On ijkg + Ejnm On Pimkl:| . (933b)

5
2

Note that similarity of this formula with the form of the spin-3/1 projection operator given
in Eq. (9.21b); these are the two simplest cases of the general formula give by Zemach [33].
Let us briefly outline his derivation. If we combine a pure tensor of integer spin n with a
spinor, the product can at most describe spins n + 1/2 or n — 1/2. The operator projecting
out the (n+1/2) component is well known; combining it with the spin-n projection operator
PM™(n >1),

pos) — [n +1+3- f“”} P (9-34)

2n+1

where J ™ is the spin-n angular momentum operator given by
A (9.35)
i=1

and J @ is the spin-1 operator acting on the i*® vector index, its matrix element being given
by Eq. (8.8). the reader can check that application of the formula (9.34) for spins 3/2 and
5/2 gives Egs. (9.21b) and (9.33b), respectively.

Let us now turn to a discussion of the half-integral spin tensors. We shall give explicit
expressions for the spin-3/2 and -5/2 tensors constructed out of an arbitrary three-vector a:

- 1
T@ () = a- 500 )
) .
= 3 [m %5 x a*] (9.36)
and
2) a? 1
T (a) = qaia; — =8y — £laio; + a;0))(7 - @) . (9.37)
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Of course, these have been obtained by applying the projection operators (9.216) and (9.33b).
these tensors satisfy the constraint

(9.38a)

0,17 (a) = (9.38b)
and TZ-(]-S/ 2) is, in addition, symmetric and traceless.

There exists an alternative way of constructing the spin tensors. It consists in multiplying
the pure spin tensors by pseudoscalar (¢ - @) from the left. The resulting tensors are then
appropriate for describing particles of opposite parity. Let us write

Q") (a) = T+ (a)(

Qu

-a) . (9.39)
Note that the tensors ) satisfy the constraint (9.38b), because the T’s obey the constraint.
The explicit expressions for the spin-3/2 and 5/2 tensors are:

a2

Q%) =d(G-d)— 50 (9.36a)
and
) o @
Qif (a) =aja;(6-d) — géij(a -ad) — E[aiaj +ajoy] . (9.37a)

The spin tensors () may be obtained in the following alternative way:

QU (@) = 0TS, (a) a (9.40)
where T(™+1) is the pure tensor corresponding to the integer spin (n + 1). Note that the
tensors () defined by Eq. (9.40) are transverse to &; this can be shown by following the same
argument used in the discussion of Eq. (9.31). One can prove that the tensors (9.40) are
identical to those defined by formula (9.39), using the general expression (9.32) for the half-
integral spin projection operators [ for this proof, one needs in addition the formula (3.28)
of Zemach [33]]. the proof is simple for spin-3/2 and 5/2; one merely needs to contract the
spin-2 and spin-3 tensors given in Eqgs. (8.52) and (8.53) with &, to obtain the desired results
(9.36a) and (9.37a).

Later, we shall illustrate with simple examples the uses of the spin tensors given in this
section.

9.4 Dirac formalism for spin-1/2 states

We adopt the four-component Dirac formalism to describe the relativistic spin-1/2 states.
In the rest frame, the two-component spinors x(m) are generalized to the four-component

spinors (0, m):
U0, m) = < X(Z)”) ) . (9.41)
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Let us suppose that a spin-1/2 particle with mass w has momentum p and energy F in an
arbitrary frame. The boost operator which takes the rest-state wave function u(0, m) to that
of momentum p can be written

i) = (

where p is the unit vector along p'and tanh o« = p/E. Then, the inverse of the boost operator
is given by

cosh /2 g - psinha/2 )

o - psinh /2 cosh a/2 (9-42)

D7L(P)] = DL(-p)] - (9.43)

The formula (9.42) is the analogue of the boost operator (2.11) for arbitrary spin. How-
ever, it is different in one important respect; the operators (2.11) are unitary, whereas the
“boosts” given by expression (9.42) are not unitary. In fact, there are two different ways of
representing the homogeneous Lorentz group. One is the infinite-dimensional unitary repre-
sentation, in which the infinitesimal generators are given by the Hermitian operators J and
K [see Eq. (2.11)]. This is the representation we have used in Section 2. The other is the
finite-dimensional non-unitary representation, where the generators of the boosts K may be
given by either +iJ or —iJ so that K is not Hermitian if .J is Hermitian. The operator
defined in expression (9.42) corresponds to the second representation, in which the boost
generators corresponding to both +i5/2 and —id /2 have been employed. The reader is re-
ferred to Froissart and Omnes [8] for a discussion of these topics. It should be mentioned,
however, that the form of the boost operator we have adopted here is not the same as that
given in their article.

In analogy to the formula (2.12), the boosts (9.42) along an arbitrary direction can be
re-expressed in terms of the boosts along the z-axis:

o

DIL(F)] = DIRIDL.(p)| D[R] , (9.44)

where R is the usual rotation which takes the z-axis into the direction of the momentum p),
D[R] = o (9.45)

and U[R] is the 2 x 2 unitary matrix given in Eq. (9.6). It is easy to check the relation

(9.44) by using Eq. (9.8). We are now ready to define the canonical and helicity states in
the four-component formalism:

w(,m) = DILGF)u(0,m)
— DIRD|L.(p)| D} [RJu(0, m) (9.46)
and
w(E\) = DILF)D[RIu(0,m)
— DIRIDIL.(p)]u(0,m) . (9.47)



Using the explicit expression (9.42) for the boost operator, the canonical states (9.46) can
be cast into the familiar form

. _|EFtw 2 ﬁXEm)
u(p,m) —[ o ] ( EUJ}pr(m)> : (9.46a)

The rotational property (9.4) for the two-component spinors assures that the canonical
and helicity states have the correct rotational property:

D(Rlu(p,m) = 3 Dz, (Ryu(Rf, m') (9.48)

and
D[R]u(p, ) = u(Rp, \) . (9.49)

The helicity states are related to the canonical states via the usual relation,
1 o
UD,A) =Y Di\(Ryu(p,m) . (9.50)

Now, the states of spin-1/2 particle have two degrees of freedom. This means that, if
the four-component spinors are to describe spin-1/2 states, there has to be a supplementary
condition relating the upper two components to the lower two components in the spinor.
This supplementary condition is in fact the well-known Dirac equation:

(V'pu — wu(pym) =0, (9.51)

where the v#’s are the familiar 4 x 4 matrices satisfying the anti-commutation relation

AHAY YAt = 2ghY (9.52a)
and are given by
g = (Y (9.52b)
Yo 0 —1 ’
i o 0 g;
iy = < oo ) (9.52¢)
5 (0 1\ _ .91 923 9.52d
P=wn=q ) =0 (9.52d)
Y=y =7" M =0 P =% (9.52¢)

Using Egs. (9.46a), (9.52b), and (9.52¢), one can easily verify the Dirac equation (9.51).
Let us define the “adjoint” spinor,

a(p,m) = u'(p,m)y°, (9.53)
which obeys the adjoint Dirac equation
a(p, m)(y'p, —w) =0. (9.54)
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Note that the boost operator (refeq9.42) may be expressed as
DIL(p)] = D'[L(F)] =+"D L7, (9.55)
so that the adjoint spinor takes the form
a(p,m) = u(0,m)DL(P)] . (9.53a)
In terms of the adjoint spinors, the normalization condition may be given by
a(p,m)u(p,m’) = Sy (9.56)

and the projection operator can be defined

Avlp) = D u(@m)a(p.m)
L (4, + w) (0.57)
= —_— w s .
2w T Pu
where one has used Eq. (9.53a) to obtain the explicit expression.
Let us now turn to a discussion of an important property of the v* matrices:

DHAY'DIA] = Ay (9.58)

where A denotes an arbitrary Lorentz transformation. If A represents a rotation, one can
readily prove this formula by using Eq. (9.8) for the Pauli matrices. One can also easily prove
it for the case when A represents a pure Lorentz transformation. The reader may verify this
for a Lorentz transformation along the z-axis by using the relations (2.6) and (9.42). The
property (9.58) implies that the combination

u(p’, m')y"u(p,m)

behaves like a four-vector under Lorentz transformations. This allows one to mix v* with
any four-momentum to construct Lorentz invariant amplitudes. One may think of this as
the relativistic generalization of the property (9.9) for the Pauli matrices.

Let us give the transformation property of the four-component spinors under parity and
time-reversal operations. Using Egs. (3.9) and (3.10), we obtain

Mu(@,m) = nu(—p,m) =y u(F.m) (9.59)
Tu(Fm) = (=) "™u(—fF,—m) ="+ (Fm), (9.60)

where 7 is the intrinsic parity of the spin-1/2 particle. The last expressions in (9.59) and
(9.60) can be checked by using Eqgs. (9.46a), (9.52b), and (9.52c). The product 34! in Eq.
(9.60) represents a rotation by m around the y-axis, which is associated with the action of T
as explained in Section 3; note that

3.1 [ —tog 0 [ exp (—z’ﬁag) 0
T = ( 0 —ioy ) - ( 0 ’ exp (—z’%ag) ) ' (9-61)
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The adjoint spinors transform under II and T according to

u(p,m)" = nau(p, m)y° (9.594)
u(p,m)T" = @ (§,m)mns - (9.60a)

The ~+° matrix in Eq. (9.52d) is a pseudoscalar in the sense that the combination
a(p’,m)y u(p,m)

reverses sign under parity transformation [see Eq. (9.52¢)].
Let us now come back to the discussion of the A(1115) decay. We may write for the
explicitly covariant decay amplitude,

m ~ iy (p,m')Bux(q,m) , (9.62)

where the first (second) spinor corresponds to that of the nucleon (the A), and B has the
general expression
B=go+ g7, (9.63)

where gy and g; are the Lorentz invariant coupling constants. Evaluating the expression
(9.62) in the A rest frame, we can find the relationship between the relativistic and non-
relativistic coupling constants [compare expressions (9.11) and (9.62)]. They are

E+w 2
ay = W 90
g1

@ = —— 9.64
2u(E + w)]} 00

where w is the mass of the nucleon and FE is its energy in the A rest frame.

9.5 Relativistic spin-3/2 and higher spin states

Wave functions corresponding to relativistic particles of spin j(= n+1/2, n = integer) can
be constructed by coupling the spin-n tensor of the previous section with the four-component
spinor. The rotational property (9.48) for the spinors and the similar property for the integer
spin tensors [e.g. Eq. (8.34)] assure us that the desired wave functions can be written

Uy (B, M) = Y (nma 3 ms|im) €1y, (7, nima) w(B, ms) | (9.65)

mima

where e(p, nmy) is the spin-n tensor to be constructed in the manner described in the previous
section. Of course, the adjoint wave function is constructed in the same way by coupling
e*(p, nmy) with u(p, mo). Under rotations, the spin-j wave functions transform according to

DIRu(p, jm) =Y Dyl (R)u(Rp, jm’) . (9.66)

The wave functions given in Eq. (9.65) are, of course, the canonical wave functions. The
helicity states may be constructed by merely replacing the m’s in Eq. (9.65) by the \’s. It
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can be shown that the resulting helicity states are correctly related to the canonical states
via

e(p, jA) = ZD e(p, jm) , (9.67)

where R is as before the rotation which takes the z-axis into the direction of p.

The spin-j wave function (9.65) is a four-component spinor with the four-vector indices
1 -+ - Since it describes a state of spin j, it can have only (2j 4+ 1) independent compo-
nents. The desired supplementary conditions are just the Rarita-Schwinger equations [31]:

(V*Pu — W)y, =0 (9.68a)

Uy = Woreprjooopions (9.68b)

P upy e, =0 (9.68¢)

YUy, =0 (9.68d)

9" Uy, =0 (9.68¢)

where w is the mass of the spin-j particle and p is its four-momentum. The relation (9.68d)

is the relativistic generalization of the conditions (9.15) or (9.24). The reader may verify the
relation (9.68d) for spin-3/2 by writing down the explicit expression for the spin-3/2 wave
function and carrying out the necessary algebra. The condition (9.68¢) is not an independent
condition; it is in fact a consequence of the relations (9.68b) and (9.68d).

The spin-j wave functions u are normalized according to (j =n + 1/2)

Upy g (D, ) 01 () ") = (=) Ot (9.69)
and they define the projection operator
P/.E‘z Unl1Un = Zuﬂl"'ﬂn(ﬁ’ «]m) /al’l‘“Vn(Z?? jm) . (970)

This operator obviously satisfies all the conditions of Eqs. (9.68a)—(9.68¢); in addition, it
has the properties:

P/.E‘z Mm Q1 anPI/(f)aljln o :( )nP;Ll n V1 VUn (971)
P;S{ ‘Un V1°VUn _7 PI/1 Up 41+ ,unfyo’ (972)

The explicit expression for the projection operator has been given by Fronsdal [34]. It may
be written, in our notation,

» n—+1 2 pln

2n+3
where A, (p) is the spin-1/2 projection operator given in Eq. (9.57) and P"*Y is the pro-
jection operator for the integral spin (n + 1). Evaluating this in the rest frame of the spin-j
particle, one obtains the non-relativistic spin-3/2 projection operator:
(2) 1
P’ = Ay (p) {guv + 3
It can be shown easily that this operator satisfies the properties (9.71) and (9.72), as well as

the conditions (9.68a)—(9.68¢). Note that Eq. (9.74) reduces to Eq.
eqleq9.21a in the rest frame.

g,ua fYa guﬁ 75:| . (974)
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9.6 Applications

We give here a few simple examples to illustrate the uses of the tensor formalism we have
developed so far. Through these examples, we wish to exhibit the connections between these
and the helicity formalism of Section 3.

i) mfp— ATT(1232) > 7'p
The invariant scattering amplitude for this process is proportional to

Myi ~ Zﬂ(ﬁfv my) Py wu (D, 3m) py w(pi, mi) (9.75a)

m

where the subscripts 7 and f refer to the initial and final protons and p'is the A™* momentum.
By means of the spin-3/2 projection operator, the transition amplitude can be reduced to

()

3
Myi ~a(py, my) ply Pai” pf u(pi, mi) - (9.75b)

Using the expression (9.74), the square of the amplitude summed over the spin states of the
protons can be given in an explicitly covariant form. However, we prefer to evaluate Eq.
(9.75b) in the over-all c.m. system. Then, the amplitude takes the form, from Eq. (9.46a),

My ~ (E;U“’) W (mp) A x(m) | (9.750

where w is the mass of the proton and E the proton energy, and
A~ 5y T ()

~ P Py + 50 (< ) - (9.75d)

Here we have used the expression (9.36). Let us note that, aside from the energy dependent

factor, the amplitude given in formula (9.75¢) is precisely the one we would have obtained,

had we started out with the non-relativistic formalism. The energy dependent factor is, of
course, the consequence of the fact that the protons are not at rest in the over-all c.m.

Let us calculate the distribution in the scattering angle cosf ~ p; - py. By taking the
absolute square of the amplitude (9.75b) and performing the sum over the spin states,

STIMAP ~ {4l
~ 1+43cos?d, (9.76)

where we have suppressed the energy dependent factor.

The form of the amplitude (9.75a)—(9.75d) is such that it is invariant under parity trans-
formations. The reader may verify this by writing down explicitly the expression for the
spin-3/2 wave function [see Eq. (9.65)] and exhibiting its parity-transformation property
[use the formulae (8.30) and (9.59)]. Suppose now that the A(1232) had spin-parity 3/2.
The modified scattering amplitude is, from formula (9.75b),

3
My ~uv’pl P,EE) Yy’ u (9.77a)
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or, evaluating in the c.m. system,

1
o~ f(my)B 77
My~ SoErw) X ) Bx(im) (9.77b)
where B is given by [see Eq. (9.36a)]
B = (7-pp)A@G-p)
— — — =(3
~ (@ 5p)pr - Q% (py)
— — — — — — ]'
~ ()@ Py B) — Spy e (9.78)

Then, the distribution in the scattering angle is given by

S IMuP ~ w{BB)
~ 1+ 3cos’d, (9.79)

which is identical to the expression (9.76).

It is instructive to re-derive the angular distribution within the helicity formalism. Our
starting point is the partial-wave expansion of the scattering amplitude given in Eq. (5.10).
Limiting the expansion to a term corresponding to J = 3/2, we obtain for the angular
distribution ,

I(cos) ~ > |FNF5IP[dg, (0) (9.80)
AN
where F) is the helicity decay amplitude of the J = 3/2 resonance. Owing to the parity
conservation in the decay, we have
Py = P2 (9.51)

regardless of the intrinsic parity of the resonance. Then, the angular distribution given by

I(cos ) ~ [d2, ()2 + [d2_(O)]
~1+3cos’f . (9.80a)

i) 3/2t —>1/2% 40~
We shall consider this decay in terms of the helicity states for the nucleon. The decay
amplitude may be written

M~ gu(py, ) pyw (P, §m) (9.82)

where \ is the helicity of the nucleon and p; is its momentum, and g is the invariant coupling
constant. If the decay amplitude is evaluated in the 3/ 2" rest frame, we obtain

—+ 2 S
ng{el “’1} X (VL - X(Em) (9.83)

2’(1]1

where F; and w; are the energy and mass of the nucleon. Following exactly the same
technique as that used for the integer-spin resonances, we re-express the spin-3/2 wave
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function in terms of that with the quantization axis along the momentum pj. Indicating this
wave function by primes, we have

ZDmm (,6,0)¥'(3m) (9.84)

l\.’)lw

where (6, ¢) are the spherical angles describing the direction of pj. Substituting the expres-
sion (9.13) for X" in Eq. (9.84), we can cast Eq. (9.83) in the following form:

3 3
M~ F2 DE)* 40, 0) (9.85)

where )
2
FP oy [M] pr(103A[2)) . (9.86)
2’(1]1
The formula (9.85) is precisely that of the helicity formalism [see Eqs. (8.65) and (8.67)].
However, the tensor formalism gives further information; it gives the P-wave decay amplitude
ay in terms of the invariant coupling constant g.

It is clear that the non-relativistic tensor formalism would have given us the identical
result, as far as the angular dependence is concerned. The reason is that the parity conserva-
tion limits the decay amplitude to only one decay constant. Recall that we have encountered
the same situation in connection with the decay 2t — 17 + 0~ discussed in the previous
section. The situation becomes more complex, if the resonance decay allows more than one
coupling constant, as we shall see in our next example.

iii) 3/2° —3/2" 4+ 0

The general amplitude for this decay process may be written, in the four-component

formalism,

M~ go @ (Pr, 3N) uy (P, 2m) + go " (P1, 3A) pu pY wu (7, 2m) | (9.87)

where the subscript 1 corresponds to the 3/ 2" particle, ) is its helicity, and gy and g, are the
invariant coupling constants. Evaluating M in the 3/2" rest frame and using the rotated
wave functions as before, the amplitude can be cast into the form

M~ B\D ((b 0,0), (9.88)
where
1
Ei+w|®
1
1 El—l—wl 2 2E 2 w o
B.1 = g |2t 1 — .
£ 3g°l 2, } <+w1)+392 P (9.89)

and w is the mass of the 3/27 particle. Comparing this with the amplitude in the helic-
ity formalism [see Eqgs. (8.65) and (8.67)], one finds the connection between the invariant
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coupling constants and the partial-wave amplitudes ay and as (corresponding to the S- and
D-waves, respectively):

1
2w1 2
go = [E1+21} (ap + a2)
E E
Yprg, = — <—1 - 1) a — (—1 + 2) as . (9.90)
w1 w1 w1

If we wish to write down the amplitude in terms of the states corresponding to pure
orbital angular momentum, then we have to use the non-relativistic tensor formalism. The
situation here is similar to that of the decay 2= — 17 + 0~ discussed in the previous section.
The desired amplitude has the form

M~ boXT(2N) - X(3m) + bax{ GNTS (p1)x; (3m) (9.91)

By re-expressing this into the form (9.88), it can be shown that ay may be set equal to by
and ay to —byp? /3.

Let us suppose now that the 3/ 2" particle decays into a nucleon and an pion. Then, the
amplitude (9.91) should be multiplied by a factor [see formula (9.83)]

X E- XN

and summed over the intermediate helicity A (X is the nucleon helicity and k is the nucleon
momentum in the 3/27 rest frame). The over-all amplitude may be written

M ~x(N) - X(zm) (9.92)
where oy m
G~ by T2 (k) + b 132 ()T (1) - (9.93)

The square of the amplitude summed over the initial and final spin states takes the form

SO IMPE ~ {6 P P01} (9.94)

where é é) @) )0 )
2ot~ by PT (k) + by P T (0T, (k) (9.95)
This example illustrates how the pI‘OJeCthn operators and the spin tensors enter into the
calculation of the square of amplitudes. Note that pj is evaluated in the 3/27 rest frame,
while & is given in the 3/2" rest frame.
The formula (9.94) defines the angular distribution in cosf; ~ k- ;. Within the helicity

formalism, the same angular distribution can be obtained by integrating over all angles
except cos by in Eq. (7.7):

I(cos ) ~ Z g5 {145, (60 + [d3_(00)*} . (9.96)
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3 3
where g/(\f\) is given in terms of the partial-wave amplitudes a(z)(f =0or 2) by

3 3
o ~ >0+ 1) g (osalpn)| (9.97)
l

It can be shown that the distribution given in formula (9.94) is indeed identical to the
expression (9.96).
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A  D-Functions and Clebsch-Gordan Coefficients

We list here some useful formulae involving the rotation matrices D;,m(a, B,7) and
d?, (B). In addition, we list a few relations involving the Clebsch-Gordan coefficients which
have been used in the text. The explicit d functions for 5 up to three are given in Berman
and Jacob [19].

For the rotation matrix, we use the definition as given in Rose [2], namely,

D)l By) = {mlle” e Bhe0% | jm)

= e7imagql (B)eT ™. (A1)

By definition, the matrices D;,m are unitary and satisfy the group property:

k
Dl (RaRy) =Y DJ, (Ry) D, (Ry) . (A.3)
k
The D-functions are normalized according to
dRD* (R)D? LR PR A4
R M1m1(R) MzmQ(R) - m Jij2¥pipeYmims ( : )

where R = R(a, 3,7) and dR = dad cos 3 dy.
The functions d”, = have the following symmetry properties:

/

Ay (B) = ()" 7D (B) = (=)™ 7", (=) (A.5)
Ay (B) = (=), (B) (A.6)
d(m—B) = (=Y di,_ (B) (A7)
A (T) = (=Y "6 —m (A.8)

Owing to Eq. (A.6), the D-functions have the symmetry

Dyl B,7) = (=)™ DL, (aB) (A.9)

One may use the identity

R(ﬂ-_'_avﬂ-_ﬁaﬂ-_fy) = R(O@Bu,}/)R(O?ﬂ-vO) (A10>

to show that _ _ _
Din’m(ﬂ-_l_a’ﬂ-_ﬁ?ﬂ-_’y) = (_)]_mDin’—m(a>5a7) (All)
D, (r+,m—6,0)= ™D, (,6,0) (A.12)

or taking ¢ — —¢ and using Eq. (A.9)
Dl (m—¢,m—0,0) =™ (=)Dl (¢,0,0) (A.124)
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the spherical harmonics Y (6, ¢) are related to the D-function via

0% L
D15(6,0,0) = | 5V 6.9) (A.13)

The D-functions satisfy the following coupling rule:

D D2 — Z (J1pa Jopialjsps) (jima jameljsms) D3, . (A.14)

Japzms

Or, equivalently,

%y +1\
D) Dis* = Z (2].3 n 1) (jrpagapteljaps) (imajamel jsms) D22 % . (A.15)
Jap2me

Using Egs. (A.4) and (A.15), one obtains

872
2733+ 1

(Jipagapeelgsps) (Gimagame|jsms) . (A.16)

pima pams p3ms

The following relations involving Clebsch-Gordan coefficients have been used in Sec-
tion 7. These formulae can be derived by using the recursion relations for Clebsch-Gordan
coefficients [Edmonds [3], p. 39]. In terms of the shorthand notations

L=L(L+1) and J=J(J+1)

one may write

% = —2{/%1 (odd L > 1) (A.17)
% N 1_4;§3 (even L) (A.18)
(( 3;L1|2y i) = J£+_;2 (even L > 2) (A.19)
G = ey e a2)
% = - [ﬁ] 2 (even L > 2) (A.21)
% = 1= <%) <%> (even L) (A.22)
% - [(E —L(j)(z 6—) 12)] 5 (even L 2 4) (A-23)
% o E?)r <3_ %) (even L > 4) . (A.24)
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B Cross-Section and Phase Space

The purpose of this appendix is to show how one may define the cross-section and phase-
space formulae, once the normalizations for the single-particle states have been fixed as in
Eq. (2.20). Also listed here are a few explicit phase-space formulae, as they have been used
in the main text. All the formulae listed here are, of course, extremely well known; we merely
collect them here for ease of reference. The normalizations of one-particle states, as well as
the conventions for cross-section and phase-space formulae, are the same as those given in
Pilkuhn [11].

For simplicity of notation, we consider a reaction involving only spinless particles. Let
us denote a reaction producing n particles in the final state, i.e.

atb—=1+24...n. (B.1)

In the over-all c.m. system, let wy be the c.m. energy, p; the initial relative momentum, and
pi(py) the over-all four-momentum in the initial (final) state. The differential cross-section
corresponding to reaction (B.1) may be written, in terms of the invariant amplitude M;,

1 1/2
do = I MpPdon(1,2.m),  F = [ p)? — (waw)?] / (B.2)
where F is the flux factor, which in the over-all c.m. is given by
.F = P;Wo (B?))
and d¢, is the n-body phase space:
dn(i = 1,2,...,n) = 2m)* W (pr+ pa+ -+ pu — i) [ [ dpr - (B.4)
k=1
dpy, is the invariant volume element of the & particle as given in Eq. (2.22).
The phase-space formula may be broken up into two factors as follows:
. dwg
dp, = doe(i — c,m+1,---.n) 5 dpm(c — 1,2,---.m) (B.5)
T

where / +m = n+1 and ¢ denotes a system consisting of particles 1 to m, its effective mass
being w,.. After repeated application of Eq. (B.5) and using the explicit expression for the
two-body phase space,

L p
—dS, B.6
(4m)? w (B6)
where w is the effective mass of the particles 1 and 2, and p and 2 denote the magnitude
and direction of the relative momentum in the (1,2) rest frame, we may express the n-body

phase-space succinctly as follows:

dgy =

d, = L. PO o g ﬁ{ dw dQ) (B.7)
n on (27’(’)3” wo Okzo p k .
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where the n-body phase space has been broken up into n — 1 arbitrary two-body subsystems,
each with effective mass wy, relative momentum pj, and direction €2 in the respective rest
frame (k =0,1,2,...,n—2). We must require n > 2 and {---}¢ = 1 to take care of the case
with k£ = 0. Note that, for n = 2, Eq. (B.7) reduces to Eq. (B.6).

If n = 3, we obtain from Eq. (B.7),

4

deps = 0400 {p dw 2} (B.8)
(4m)5 wy

where we have dropped the subscript 1 from p, dw,, and d€2;. This formula is then the phase

space appropriate for the reaction (5.25). Equation (B.8) may be changed into a different

form by a simple change of variables:

4

05 = Ty

dRdE, dE, (B.9)
where R stands for the Euler angles describing the orientation of the three-particle system,

and F1(E,) is the energy of the particle 1(2) in the over-all rest frame.
If n =4, we see from Eq. (B.7) that

16 po

dps = W w_o d {ps dw dQ} {p1 dw, dSd } . (B.10)

This is the formula corresponding to the process (7.1) in the notation described in Section 7.
Formula (B.10) may be recast into a different form using Eqs. (B.8) and (B.9):

16 Po

A1 = i {wdwdRdE, dE,} (B.11)

which corresponds to the reaction (6.21).
We can now generalize the n-body phase formula Eq. (B.7) to include direct 3-body
systems

1 @2m' p - &
= . .20 40 9] / / EdE'
I TR o TR Okgo{pdwd }kg{w dw' dRdE dE'}, (B.12)

where n = ng + 2n3 + 2 > 2. ny > 0 is the number of 2-body subsytems, while ng > 0 is the
number of 3-body subsytems in the problem. E; and Ej are the energies of any two particles
of a 3-body system ¢, evaluated in the 3-body rest frame. Again, we must require n > 2 and
{---}o =1 to take care of the case with £k = 0 or with ¢ = 0.
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C Normalization of two- and three-particle states

For simplicity of notation, we shall deal with spinless particles. Owing to Egs. (2.20),
two-particle states are normalized:

(ﬁiﬁé‘ﬁlﬁﬁ = 5(5{ — 1) 5(]5; —P2) , (C.1)
where the invariant J-function is given in Eq. (2.21). A system consisting of two momenta p;
and py may be described, in general, by one four-momentum p representing the sum of the

four-momenta of particles 1 and 2 and €2 describing the orientation of the relative momentum
in the (1,2) rest frame, i.e.

Ip, Q) = a|pips) (C.2)
We adopt the normalization for this state as follows:
(', p, ) = 2m)*'sW(p —p) §&(Q - Q) . (C.3)

Let us multiply (C.1) and (C.3) by the invariant volume element dp; dp, [see Eq. (2.22)],
and integrate over these variables. Note that Eq. (C.1) gives 1, whereas Eq. (C.3) involves
an integration of the following form [see Eq. (B.4)]

/5(2)(9/ — Q) dba(1,2) = (47102§

after using the formula (B.6). From Eq. (C.2), we see immediately that

I /p
= —, /= A4
Ar\ w’ (C4)

Next, we turn to a discussion of the three-particle states, normalized according to

3
(P} P Ps|p1 p2 p3) = H o(p; — pi) - (C.5)
=1

A system of three particles with momentum p,ps, and p3; may be specified by a four-
momentum p representing the sum of the three individual four-momenta, the Euler angles
R(a, 8,7) describing the orientation in the rest frame, and E; and Es, the energies of the
particles 1 and 2, evaluated in the rest frame. Let us write

|P,R, Ey, Es) = b|p1 p2Ds) (C.6)
with the normalization
(PR, E{,E5|P,R, Ey, Ex) = (2m)*6W(p/ — p) 6P (R — R)0(E} — E1) 6(Ey — Es) . (C.7)

As with the two-particle system, we multiply Eqgs. (C.5) and (C.7) by dp; dps dps and inte-
grate over these variables. Equation (C.5) gives 1, while for Eq. (C.7) one needs to evaluate

4
/ SR — ) 3(E} — B1) 8(B; — By) ds(1,2.3) = s
where one has used Eq. (B.9). From Eq. (C.6), we see that the normalization constant b is
bl =8r*Vdr . (C.8)
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